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Investment decisions require predictive forecasts under hypothetical interventions which
are coherently justified by the sum of available evidence. We argue this problem class selects
a model class: the grounded world model (GWM), a verified, composable causal model whose
every prediction is a Bayesian posterior under an explicit mechanism. We formalize GWMs and
compare them theoretically and empirically with the default alternative: directly prompting a
large language model (LLM) for predictions. Theoretically, we establish dominance results along
both the efficiency and quality axes, which compound. Empirically, we benchmark Primordia’s
investment GWM against a SOTA LLM (Claude Opus 4.8) on a standard investment analysis
task. We show that GWMs’ explicit mechanistic, theory-aligned structure allows for ∼105×
parsimony compared to general-purpose LLMs, enabling incremental prediction at ∼36,000×
lower cost and ∼ 350× lower latency, while achieving ∼ 2.4× greater quality. Further, we
show that any LLM predictor’s quality stays below the GWM’s at any finite cost, with cost per
prediction diverging as that shared ceiling is approached. We propose a hybrid neurosymbolic
structure—GWM as predictor, LLM as natural-language interface and query orchestrator—as
the theoretically and empirically superior architecture for investment and other high-stakes
real-world decision domains. 1
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Figure 1: From narration to a grounded posterior. An LLM (even with a knowledge graph) answers a
query with a prediction q(Y ) that is not constrained to be any posterior—ungrounded and not auditable. A
GWM casts a prediction as a proper Bayesian posterior under a causal generative model—grounded, source-
traceable, and cheap.

1 Introduction

What does real-world, high-stakes decision-making require? The question is increasingly urgent,
as we are rapidly offloading consequential decisions to “agentic” AI systems engineered around
large language models (LLMs). The quality of those decisions is bounded by the capabilities of the

1Primordia v1 is generally available at https://app.primordia.ai; reproduction code and reference GWM outputs
are released at https://github.com/primordia-ai/gwm-nwm-comparison-public.
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systems sitting underneath them, and their cost is set by how those capabilities are achieved. Today
the dominant answer is scale: more powerful models, longer reasoning traces, larger contexts, more
agents reviewing other agents. The result is a cost/capability tradeoff that defines the practical
application frontier of general-purpose LLMs. One might accept this tradeoff as the natural price
of good decisions, but the history of prediction-intensive practices suggests an alternative path
forward.

Consider how the practice of building a physical structure has matured. Building has one
fundamental requirement, simply stated: the structure must stand. Whether a builder will succeed at
this task depends in a highly specific way on their skill at predicting what will happen to the structure,
during the building process and thereafter during its lifetime, under a wide variety of conditions
and variations—a vast, implicit chain of “what-ifs”, many of which cannot be resolved definitively
in advance, resulting in an extraordinarily peaked loss function. A child devises experiments using
folk physics and builds by trial and error—enough for a tower of blocks, hopeless for anything
long-standing. A medieval master builder drew on generations of accumulated heuristics: this
affords far more complexity, but little adaptivity once circumstances depart from precedent. A
structural engineer in the pre-computer era solved the governing equations by hand—genuinely
predictive, but only as far as one expert can hold the procedural knowledge in their head: which
equations to solve, which parameters matter, how to estimate them. And today, a builder who
declines to use a CAD system—pre-loaded with scientifically validated models and parameters for
every context, able to simulate a design in instants—is committing malpractice. And a “vibe-building”
LLM-based system that purported to help with construction by retrieving heuristics and “reasoning
through” the problem with mental math, however fast, would be considered an impressive demo
of LLM capabilities, but for real work, such a system would necessarily have to offload the critical
physical computations to a CAD engine.

The application of AI is quickly moving from simple, point-in-time decisions under extensive
human supervision to autonomous, temporally-extended professional decisions, many of which
interact with and impact partially-observable real-world systems, with running costs and serious
risks. Yet in many such domains—investing, policy, operations—the state of the art still consists
of accumulated heuristics and hand-solved models, held in expert heads. So long as humans hold
responsibility and accountability for those decisions, they buffer against error with padding and
oversight; but as their judgment is automated away by LLM-powered workflows in the name of
efficiency, those buffers go with it. Delivering on the efficiency promise then requires a quality bar
high enough to prevent catastrophic failures, at an operating cost low enough to justify the ROI.

Indeed, quality shortfalls are the largest driver of cost: an ungrounded prediction that is wrong—
or merely unauditable—triggers verification and rework that compound downstream, so the true
cost of a cheap answer is dominated by what happens after it is emitted. Conversely, the prevailing
remedy for quality is to spend more inference, driving cost per decision up the frontier. For a one-off,
low-stakes question, this bargain may be acceptable; but professional decision-making consists of
repeated, high-stakes, evidence-coupled predictions, and there the tradeoff bites hardest exactly
where it can least be afforded. This raises the question of whether the tradeoff is fundamental, or an
artifact of the model class being asked to do the predicting.

We propose that the key capability required in these settings is structural causal prediction:
(i) simulating the system forward under assumptions or hypothetical interventions (“what happens
to this company’s free cash flow if the data-center build-out slows?”) and (ii) revising those for-
ward simulations coherently as evidence arrives (“a supplier just guided down; update everything
downstream”). Simulate-forward and condition-on-evidence are the defining operations of a causal
generative model— what the CAD system does for the builder and the engineer-by-hand could only
approximate.

We note that this capability is quite distinct from fluency, coherent-sounding reasoning, long-
running memory, theoretical knowledge, mathematical problem-solving prowess, or any of the
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other capabilities identified heretofore in LLMs. An LLM can describe such a model in prose, and
with a coding tool or spreadsheet it can even assemble and run an ad hoc one; what it cannot do is
be one, because its outputs are not constrained to be the posterior of any explicit mechanism.2

Motivated by the above, we define a grounded world model (GWM) as a causal generative
model of a domain whose structure mirrors the domain’s actual entities and mechanisms, whose
parameters are grounded—tied to evidence by explicit, auditable inference—and which supports the
two operations above natively: it can be intervened upon (simulate-forward) and conditioned on
incoming evidence (condition-on-evidence) to return a calibrated posterior. What makes a model a
GWM is this functional contract, not any particular implementation. A probabilistic program is
one natural realization, and the one we use; but a GWM may equally be expressed as a structural
causal model, a system of dynamical equations, or a simulator equipped with a likelihood—any
representation that supports verified intervention and conditioning qualifies.

Fully-fledged GWMs already exist. Numerical weather prediction replaced expert pattern-
matching with forward simulation of a grounded physical model, continuously corrected by as-
similating observations—the “quiet revolution” [Bauer et al., 2015] that has gained roughly a day
of forecast lead time per decade. We believe the same move can be brought to other domains,
particularly business and finance; this belief motivated Primordia’s GWM for equity investing.

The difference in aims between GWMs and LLMs—GWMs directly predict real-world observ-
ables; LLMs predict token sequences in response to a decision-maker’s prompts, which can then
be interpreted by her as predictions of the world—is reflected in architectural and engineering
differences. Most strikingly, LLMs are generically underdetermined (hence the “L”), monolithic,
dense, static, and stateless, while GWMs are parsimonious, modular, sparse, dynamic, and stateful
(they update as the world changes). A GWM’s development and maintenance process is therefore
rather different than an LLM’s, especially when (as in our case) complete mechanistic explainability
is required. Primordia’s approach is based on a combination of continual, automated program
synthesis, continual validation of predictions against outcomes, and expert-informed structural
priors.3

This paper aims to formalize the category of GWMs, to demonstrate that they dominate
“LLMs-as-predictors” jointly on cost and quality—escaping, rather than optimizing along, the LLM
cost/capability tradeoff—and to benchmark Primordia’s GWM implementation against a typical
“LLM-as-predictor” workflow that a principal would otherwise deploy. We draw the running example
from investment analysis, where Primordia offers a GWM-based platform since December 2025; but
the argument is about the model class, and we flag its domain-independence throughout.

1.1 The thesis
1. Structural causal prediction requires a GWM. We define the task category and show that

it requires a GWM (Section 2). LLMs and knowledge graphs fail to meet the requirements for
structural reasons, not for want of scale—indeed, the prior probability that a language model’s

2Indeed, even if an LLM’s output momentarily coincided with the right posterior, it could not remain one as
evidence arrives, because its update operator—accumulating context or re-querying a knowledge base—is not Bayes’ rule
(Proposition 3). A reliably grounded result therefore requires the LLM to call an explicit, verified model rather than to be
one. The moment an agent does build, ground, verify, and update such a model, it has stopped doing free-form language
modeling and started constructing the grounded world model we formalize here. This is consonant with Garcez [2025]’s
argument that context augmentation and post-hoc RLHF cannot fix hallucination, since errors compound in continuous,
ungrounded computation regardless of test-time compute, and that reliability instead requires coupling the network to
an explicit, extractable symbolic mechanism.

3We make no claim to our process being unique, nor claim optimality. Notably, alternative approaches are well-
known in the literature, such as ones based on causal discovery [Spirtes et al., 2000], evolutionary methods [Koza, 1992],
and symbolic regression [Schmidt and Lipson, 2009]. A full comparison between processes is beyond the scope of this
paper.

3



circuit happens to implement exact conditioning decreases with parameter count (Proposition 3,
Corollary 2).

2. LLM predictors’ explanation quality has a structural ceiling. A prediction is only as
useful as the explanation behind it. We operationalize explanation quality (XQ) from observable,
mechanism-checkable properties and prove it lower-bounds prediction quality (closeness to
the ideal predictor), so a rational agent trusts a prediction in proportion to its XQ (Section 2.7,
Proposition 1). An LLM predictor’s XQ has a ceiling strictly below the GWM’s, and no added
inference budget can clear it, whereas the GWM sits at its conditioning-limited ceiling at flat
cost in the quality target (Section 3).

3. GWM prediction is cheap, quickly amortizing build costs. Because a GWM answers each
query by inference on a structure-aligned model rather than by a fresh narration, it is both far
smaller and far cheaper per prediction than an LLM, and its one-time build cost is recovered
within a handful of predictive distributions (Section 3).

1.2 Related work
World models. LeCun [2022] argues that autonomous intelligence requires a learned world
model supporting prediction and planning. We sharpen “world model” to the verified, parametric,
causally-transparent causal model required by structural causal prediction, and contrast it with
the implicit, unverified world model latent in an LLM. The GWM is the “symbolic” half of the
neurosymbolic architecture in Garcez and Lamb [2023], Garcez [2025], with the LLM as the “neural”
half; more broadly, Chiatti et al. [2026] argue that systematic neural/symbolic integration, not
scale alone, is the route to reliable AI in critical domains, and the GWM is one concrete, deployed
instance. Closest in spirit is Wong et al. [2023], who translate natural language into probabilistic
programs (a “probabilistic language of thought”); we take the further step of grounding, verifying,
and composing such programs into reusable foundation-model capital. This paper builds directly
on our own prior work, Kaufmann et al. [2025], which introduced the pre-synthesized grounded
world model—a synthesized, continually-refined probabilistic program supporting full Bayesian
inference—and showed it reaching Bayes-optimal accuracy on a synthetic-equities benchmark where
SOTA LLMs plateau near 40%; here we formalize the GWM as a model class and benchmark its cost
and quality against narrative-world-model baselines. The GAIA tech tree [Walters et al., 2025b]
instantiates the same neural/symbolic split—the LLM exploring, the verified model library serving
as the symbolic half it retrieves from—for the domain of technology planning. Closely related in
stance is the Scientist AI program of Bengio et al. [2025a]: a non-agentic world model that generates
theories to explain data, paired with an inference machine carrying explicit uncertainty, proposed
as a run-time safety guardrail whose Bayesian risk bounds can reject dangerous actions [Bengio
et al., 2025b]. A GWM is a domain-specific, verified realization of exactly this “model that explains
rather than acts” posture. Finally, using a GWM for control (Section 4.1) is active inference [Friston
et al., 2017]: acting to minimize expected free energy under a generative model.

Causality and probabilistic graphical models. The GWM can be seen as a structural causal
model [Pearl, 2009], which we represent as a probabilistic program [Koller and Friedman, 2009].
That a causal model is necessary, not merely convenient, is established by Richens and Everitt [2024]:
any agent satisfying a regret bound under a large set of distributional shifts must have learned an
approximate causal model, converging to the true model for optimal agents. We take this as the
formal warrant for selecting the GWM by requirements.

Retrieval-, tool-, graph-, and memory-augmented LLMs. A rapidly expanding family of
systems equips an LLM with external structured knowledge or capabilities: knowledge-graph
question answering [Baek et al., 2023, Edge et al., 2024]; long-context retrieval [Lewis et al., 2020];
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“agentic memory” stores that accumulate and re-read facts across calls [Packer et al., 2023]; and
tool-augmented agents that call a calculator, spreadsheet, or code interpreter to compute rather
than merely retrieve [Schick et al., 2023, Yao et al., 2022, Gao et al., 2023]. The retrieval and memory
members of this family share a ceiling regardless of sophistication: absent an explicit mechanism,
they improve only the evidence an LLM can cite, so the model still narrates a forecast rather than
computing one, gaining neither the grounding and auditability of a GWM nor proper Bayesian
updating as evidence arrives. Consistent with this, Vals AI [2026] benchmarks tool-augmented
SOTA LLMs on analyst-grade financial research and finds they plateau well short of reliability, even
given unlimited test-time budgets.4

Computation-augmented LLMs. A computation tool (i.e., code execution) is different in kind.
Raising explanation quality with such a tool means using it to construct, on the fly, the very object
we formalize: an explicit mechanism the LLM can condition on and re-query, i.e. an ad hoc GWM
assembled at inference time. This is not a counterexample to our thesis but an instance of it:
the rational endpoint of tool-augmentation, pushed far enough, is exactly the Mode-2/Mode-3
coupling of Section 4.1, where the LLM frames and explains while a verified model computes the
posterior—a per-query, un-amortized version of the architecture we propose building once and
reusing. Tellingly, the harness in [Vals AI, 2026] does not supply code-execution tools, foreclosing
that path by construction.

Mechanism-embedding and explanation-extraction alternatives. Two neural-side programs
each share one property of a GWM while lacking the others. Physics-informed machine learning
[Karniadakis et al., 2021] shares the commitment to mechanism, regularizing a network with known
governing equations; but the result is a neural surrogate whose outputs remain unverified and whose
evidence-absorption is not Bayesian conditioning, whereas a GWM keeps the mechanism an explicit
program and its updates exact. Post-hoc explainability instead shares the aim of explanation: a large
literature extracts accounts from a trained black box, ranging from local attribution [Ribeiro et al.,
2016, Lundberg and Lee, 2017] to global, model-level counterfactuals [Sobieski and Biecek, 2024]; a
GWM inverts this, since its explanation is the mechanism and requires no extraction (Section 2.7).

Complexity economics. Farmer [2024] argues that economics should make the move meteorol-
ogy made—from equilibrium and reduced-form statistics to mechanistic, agent-level simulation—and
conjectures that economic systems may be more tractable than the weather. We operationalize that
program for structural causal prediction and take up the tractability conjecture in Section 4.

1.3 Roadmap
Section 2 builds a taxonomy of world models, defines the GWM and its grounding map, fixes its
defining properties, positions it against alternatives, and formalizes prediction and explanation
quality (proofs in Appendix G). Section 3 presents benchmark results, pricing the cost of a single
grounded prediction, the cost to reach a target explanation quality, and the volume-and-lifetime
costs. Section 4 consolidates the foundation-model, leverage, parsimony, and usage-mode discussion
together with the groundedness ladder, generalization and the tractability hypothesis, and limitations;
Section 5 concludes. Appendices define the explanation-quality components (Appendix C), work
a single case end to end (Appendix E), collect the cost-model details (Appendix F) and the proofs
including the XQ class ceilings and GWM dominance (Appendix G), and tabulate the symbol, value,
and provenance of every numeric input (Appendix I).

4As of writing this, the best-performing LLM (Gemini Flash 3.5) scores below 58%.
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2 The Grounded World Model, Formally

2.1 A taxonomy of world models
Fix a single observable system and an agent that must predict it. The weakest useful object is a
machine that emits predictions; we sharpen “machine” in four steps, each adding a property that a
later benchmark will price.

Definition 1 (World model). A world model (WM) is any machine W that, in a given internal state,
samples point predictions ŷ ∼ W of an observable Y .

Definition 2 (Proper world model). A WM is proper if in every internal state its samples are draws
from a single coherent predictive distribution (PD): there is a probability measure q(Y ) such that the
queried samples are exchangeable with empirical law converging to q, and q obeys the probability
axioms.

A WM that is not proper has no well-defined q: repeated queries need not be mutually consistent,
and there is no object on which to compute calibration or divergence.

Definition 3 (Grounded world model). A proper WM is grounded (a GWM) if its PD is a Bayesian
posterior obtained by conditioning an explicit, executable mechanism on evidence E and exogenous
assumptions u:

q(Y | u, do(a)) = Ep(θ|u,E)

[
p(Y | θ, u, do(a))

]
, (1)

where θ are structural parameters and p supports Pearl’s do-operator for a given class of interventions
a.5

Definition 4 (Narrative world models). A narrative world model (NWM) produces predictions as the
output of a language model L rather than as a posterior under an explicit mechanism. Its predictive
may be read off in either of two ways:
• point samples: each point prediction ŷ is the final output of L (prompt → a number), and a

PD is estimated by drawing many such points;
• wholesale distribution: a predictive distribution q̃(Y ) is emitted in one pass (prompt → a

described distribution or set of quantiles).
The point-sample formulation is disfavored in both principle and practice. Any point sample is a fact
about L’s decoding process at fixed temperature, with no guarantee of coinciding with the quantiles
L states when asked directly; and re-querying L many times per prediction would in any case defeat
the cost comparison to a GWM’s single belief-propagation pass. We therefore work throughout
with the wholesale-distribution case: q̃(Y ) denotes the predictive distribution or quantiles L emits
in one pass. Neither emission constrains its output to be the posterior of any explicit mechanism;
the “model” is implicit in L’s weights and the prompt.

In this language the paper’s claims are statements about these classes. An NWM is a proper
WM only in the infinite-sample limit, and only if L’s emission law is stable; it asserts (or estimates)
a q̃ with no guarantee that it is any posterior. The GWM is the unique class whose every query is,
by construction, a posterior under a verified mechanism—the property the rest of the paper exploits.

5We adopt the do-calculus as “syntactic sugar” for standard probabilistic queries on a suitably expanded model, as in
Mlodozeniec et al. [2025].
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2.2 The GWM in detail
Equation (1) is realized by a concrete object that we use throughout.

Definition 5 (Grounded world model, structural form). A GWM for a system is a tuple M =
(X, θ, U, p, E, g) where
• X is a set of variables with a causal ordering;
• θ is a vector of structural parameters (elasticities, growth rates, margins);
• U is a vector space of exogenous variables (assumptions: scenario inputs, conventions, policy

settings);
• p(X | θ, u, do(·)) is a causal generative model defining the joint distribution over X and

supporting Pearl’s do-operator for interventions (we realize it as a probabilistic program);
• E is a corpus of evidence items;
• g is a grounding map taking evidence to a posterior over parameters, g : E 7→ p(θ | u,E).

A query is a triple (Y, u, a): a target functional Y of X , an assumption setting u (exogenous scenario
inputs, policy settings), and an optional intervention a supported by p.6 The corresponding prediction
is the posterior functional (1) evaluated at (Y, u, a).

The clause that distinguishes a GWM from everything else is g: a prediction is a posterior under
an explicit mechanism. There is no step at which a probability is asserted; every number is the
image of evidence under g and of structure under p.

The “grounding” lives entirely in the construction of g and Y —the first ingesting real-world
observations into M, the second defining how its outputs will be interpreted in terms of real-world
outcomes and actions. There is no philosophical symbol-grounding problem [Harnad, 1990], as no
variables in X are ascribed any special ontological status; “observables” are merely those variables
for which the ingestion and extraction are defined, and which, pragmatically, define M’s context of
applicability.7

2.3 Grounding as Bayesian inference
The grounding map g is the operator that distinguishes a GWM: it turns a corpus of evidence into a
posterior over the model by Bayesian updating rather than assertion. It is best read not as a single
formula but as a spectrum of conditioning operations of increasing reach, all sharing the property
that the output is a posterior under the explicit mechanism p—so the Bayesian quality guarantee of
Proposition 2 applies throughout.

(i) Forward accumulation. The simplest and cheapest case treats each evidentiary hypothesis
h as a parameter with a conjugate prior and accumulates source-weighted support and refutation
(Eq. 13). Being conjugate, each update touches O(1) parameters: the marginal cost of grounding
over an ungrounded deep-research pass is one float and one sign per evidence item—negligible in
tokens—yet it converts a pile of citations into a calibrated parameter posterior.

(ii) Propagation to latents and forecasts. A posterior over parameters is not yet a prediction. Belief
propagation through p carries the parameter posterior forward onto the latent states and the queried
observable Y , producing the predictive functional (1)—the “sample” operation priced in Section 3.

(iii) Backward inference. Evidence often lands downstream of the parameters it should move—
a realized outcome, an observed margin. Conditioning on such observations inverts p, revising

6Two kinds of what-if are distinct: changing u re-evaluates the same mechanism under different exogenous inputs
(ordinary conditioning—the common case, with a = ∅), whereas an intervention do(a) overrides the mechanism for
one or more variables in X—e.g. pinning a latent Z to a value z—and is evaluated with the do-operator rather than by
conditioning on u. We also note that u and a may also be specified as parameterized distributions rather than point
values.

7We trace this posture to Quinean holism [Quine, 1951].
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upstream parameters and latents by full Bayesian inference rather than local accumulation; conjugacy
is lost, but the update remains exact conditioning, approximated by the inference engine.

(iv) Structure learning. In its fullest form g updates not only θ but the structure itself—adding or
removing variables and edges in X as evidence demands. This accretive model construction lets
a GWM grow and evolve to be grounded not only by factual evidence, but by new theoretical or
heuristic causal knowledge.

Across all four, g is either exact or controlled-approximate Bayesian conditioning on an explicit
mechanism; the cases differ only in reach and cost, from the O(1) conjugate edit (13) to a full
structural revision.

2.4 Defining properties
Property 1 (Verified correctness). The program p is executable and its invariants (accounting
identities, non-negativity, monotonicities) are machine-checked.

Property 2 (Parametric generality). A single M covers a family of instances by varying θ; the
structure is reused across the family at near-zero marginal cost.

Property 3 (Composability). Two GWMs with compatible interface contracts compose into a third
(a supplier model feeds a customer model) without fresh search.

Property 4 (Causal transparency). Every prediction decomposes into named structural pathways,
so a user can ask why and receive a mechanism, not a rationalization.

2.5 Position relative to alternatives
• Knowledge graphs store entities and relations but no executable mechanism; they answer

“what is connected to what,” not “what happens if.” They lack p(· | do) and g.
• Fitted black-box predictors (neural nets, Gaussian processes) are non-narrative: they fit

parameters to data, and some—a GP, say—even yield a proper predictive distribution. But their
PDs are not interrogable mechanisms, and therefore they only support correlational prediction,
not structural causal prediction.

• Narrative world models (NWMs of Section 2.1; LLMs prompted for a forecast or a distribution)
emit predictions directly, with no θ, no do, and no g. They can be fluent and even accurate on
average, but their outputs are not constrained to be any posterior, so they are neither auditable
nor coherently updatable.

• The GWM is the unique object meeting all four properties and supporting both simulate-forward
and condition-on-evidence.

2.6 The canonical example: numerical weather prediction
The reader will likely be familiar with at least one “canonical” instance of a GWM. Numerical
weather prediction—the physics-based weather models run operationally at every major forecasting
center—realizes every clause of the contract above. An operational weather model is an explicit
causal mechanism—the discretized equations of atmospheric physics—whose state is grounded by
continuously assimilating millions of daily observations, and which is run forward under that
conditioning to emit a calibrated predictive distribution. Table 1 maps the correspondence element
by element.8

8Learned forecasters like GraphCast [Lam et al., 2023] and Pangu-Weather [Bi et al., 2023] now match physics
models on headline scores, but they are the exception that proves the rule: trained on ERA5 reanalysis [Hersbach
et al., 2020]—itself the output of the grounded assimilation system—they distill the GWM rather than replace it; lacking
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The example of weather models also illustrates why GWMs are not already prevalent across
disciplines, and why our proposal for a GWM in the investment domain is noteworthy. In weather
prediction the governing equations (or proven heuristics) are known, the observation network is
dense, and verification is automatic every few hours, providing a fast, thorough calibration loop.
Most decision domains—finance, policy, epidemiology, supply chains—enjoy no such gift; their
mechanism is partial, latent, and must itself be constructed and iteratively validated against “soft”
and ambiguous evidence. Primordia’s main process innovation lies in automating GWM construction
and maintenance, by casting it as an iterative process of program synthesis and verification. We
expect this category of automatically-constructed GWMs to achieve preeminence in fields that
require structural causal prediction.

2.7 Prediction quality and its observable proxies
We now make “a better prediction” precise, then connect it to quantities measurable on a deployed
system.

Definition 6 (Prediction quality). Let q be a WM’s PD for a query Y, u, a given evidence E. Its predic-
tion quality is PQ(q) = −DKL(p

⋆ ∥ q), where the reference p⋆ is either (i) the true data-generating
process (the M-complete reference) when it is well-defined, or (ii) the predictive distribution of
the ideal unbounded Bayesian predictor over all computable hypotheses given the same E (the
AIXI/Solomonoff reference [Hutter, 2005, Solomonoff, 1964]) in the M-open setting where no candi-
date model is the truth [Bernardo and Smith, 2000].9

Even with p⋆ in hand and exact conditioning, PQ is capped by the system’s intrinsic predictability:
for a chaotic process the attainable −DKL decays with forecast lead time regardless of model or
compute (the Lorenz horizon [Lorenz, 1963]). “Optimal PQ” is thus always relative to a horizon; a
GWM’s claim is to reach that horizon-limited ceiling, not to abolish it.

PQ is the right target but is unmeasurable: p⋆ is unknown (M-complete) or uncomputable (M-
open). We therefore define observable explanation-quality functionals on q and show they proxy
PQ.

Informally, these functionals measure how high a prediction climbs a groundedness ladder—from
asserted (a number stated with no support), through sourced (each figure cited to evidence but not
reconciled into a model) and derived (figures reconstructed from a consistent set of inputs), to a full
Bayesian posterior (every quantity the image of evidence under the grounding map g on an explicit
mechanism, Eq. (1)). The four properties below certify the upper rungs; only a model that carries a
mechanism to condition reaches the top, so a narrative WM can be pushed up the lower rungs at
rising cost but is bounded away from a posterior (Proposition 3).

Definition 7 (Explanation quality). Each of the four observable properties below is scored as
an attainment ci ∈ (0, 1] of the computation that produced q. Treating them as independent
correctness probabilities, explanation quality aggregates them multiplicatively as a log-probability,
XQ(q) =

∑
i log ci ≤ 0 (Eq. (6)), on the same scale as PQ = −DKL; its bounded image A(q) =

exp(XQ) =
∏

i ci ∈ (0, 1]—the joint-correctness probability—serves as the quality-target axis in
Section 3.2. The properties:
• rationale stiffness—the elasticity of q to perturbing each named structural input is bounded

and mechanism-consistent (small, sourced moves; no free knobs);

enforced conservation laws, they degrade on extremes and out-of-training regimes [Richens and Everitt, 2024]; and
they neither assimilate new observations nor answer do(·) queries. The grounded model remains the substrate; the
emulator is a fast approximation of its forward map.

9Working in the M-open setting means we cannot verify from within the formalism that our model class contains
(an adequate approximation to) p⋆; checking this against data is itself outside strict Bayesian coherence [Gelman and
Yao, 2021]. We return to this tension at Assumption 2 in Appendix G.
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• counterfactual consistency—do(a) queries satisfy the model’s invariants and the do-calculus
identities;

• hardness-to-vary [Deutsch, 2011]—the rationale cannot be locally edited to fit a different
outcome without breaking an invariant;

• residual sampling noise—for sampling-based WMs, the Monte-Carlo variance of q at the
reported budget (zero in the exact-inference limit).

A minimal illustration. Consider a toy GWM for tomorrow’s local temperature Y : a two-
parameter causal model Y = µ+ β∆regional + ε, where ∆regional is the assimilated regional temper-
ature anomaly (an observed input grounding µ, β via a fit to the historical station network) and
ε ∼ N (0, σ2) is sampled at inference. Answering “what if the regional anomaly is +2◦C instead of
+1◦C” means re-evaluating the same mechanism at the new input, and each XQ component reads
directly off that mechanism: (i) stiffness S = 1, because the only input the answer can depend on,
∆regional, is the named structural variable—there is no other knob the forecast could secretly be track-
ing; (ii) counterfactual consistency CC = 1, because ∂Y/∂∆regional = β is a fixed coefficient, so every
do(∆regional) query returns exactly what the mechanism implies; (iii) hardness-to-vary HtV < 1,
because µ, β, σ were themselves estimated, so a sufficiently adversarial re-fit on slightly different
data could still nudge the prediction—bounded misspecification, not a free knob; (iv) residual control
R = 1− se(Ŷ )/τ climbs toward 1 as the estimation/Monte-Carlo standard error on Ŷ falls below
the decision-relevant tolerance τ (say 1◦C). The product A = S · CC · HtV ·R—and its logarithm,
XQ = logA ≤ 0—both follow from these four numbers alone: no access to the true weather process
is required.

Now contrast a narrative WM: an LLM asked to forecast tomorrow’s temperature from a
paragraph describing today’s map. Its answer is not the output of any fixed Y = µ + β∆ + ε:
doubling the stated regional anomaly and re-asking may move the forecast by an amount no single
β would produce (so a battery of do(·) re-queries scores CC < 1); the forecast may lean on unstated
priors about the season or the model’s own uncalibrated intuition alongside the cited anomaly
(extra free knobs, S < 1); a mildly adversarial rephrasing of the prompt can pull the same forecast
toward a different outcome without the model flagging any contradiction (low HtV); and repeat
queries at nonzero sampling temperature typically disagree with no principled bound on the spread
(low R). Each quantity above is measured directly from the model’s outputs (Appendix C), without
ever knowing the true p⋆—which is precisely the sense in which XQ is an observable proxy for the
unmeasurable PQ = −DKL(p

⋆∥q) of Definition 6.

Proposition 1 (XQ proxies PQ). Higher explanation quality implies higher prediction quality: XQ(q)
is monotonically related to PQ(q) up to a bounded slack. Crucially, for three of the four channels—
counterfactual consistency, residual noise, and (under a regularity condition) rationale stiffness—this
relation is a result, not an assumption: a model that satisfies the do-calculus identities and has vanishing
sampling error simply is closer to p⋆ on the queries checked. Only hardness-to-vary and the extrapolation
from finitely many checks to all queries rest on a mild representativeness condition. The full statement,
its assumptions, and the proof are in Appendix G.

Why this matters to a decision-maker. Because XQ lower-bounds PQ, a rational agent trusts a
prediction in proportion to how well it is explained: a higher-XQ prediction warrants a larger,
better-calibrated action, and a lower-XQ one warrants caution. Explanation quality is thus not a
cosmetic property but the very quantity on which a rational principal conditions its trust—and its
actions.

Proposition 2 (Bayesian quality guarantee). A GWM has a well-defined DKL(p
⋆ ∥ q) that is non-

increasing in expectation under further conditioning: EDKL(p
⋆ ∥ qE∪e) ≤ DKL(p

⋆ ∥ qE). No such
guarantee holds for a narrative WM, whose output is not a posterior and need not even define a fixed q.
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Intuition. For a GWM, conditioning is Bayesian updating, and the expected log-loss of a Bayes
predictor is non-increasing in information (a martingale / model-averaging argument [Hoeting
et al., 1999]); the divergence is finite under mild non-degeneracy (Appendix G). An NWM asserts q̃
(or estimates it from samples) with no update operator constrained to be Bayesian, so it need not
converge to any posterior and does not inherit the guarantee. Proof in Appendix G.

The negative half is in fact stronger than “no guarantee”: a narrative WM is improperly updated,
and the defect compounds.

Proposition 3 (Narrative updating is improper and non-convergent). Let an NWM absorb evidence
through an update operator UL realized by a language model L—either accumulation in the context
window (in-context learning) or retrieval from a knowledge base—and let q̃E be its implied predictive
after evidence E. Then (i) UL does not preserve posteriors: even if q̃E coincides with p⋆(· | E) at one
stage, generically q̃E∪e ̸= p⋆(· | E∪e) after the next evidence item, so propriety—if ever attained—is lost
almost immediately; (ii) consequently q̃Et need not converge to p⋆, and there exist evidence streams
and queries on which DKL(p

⋆∥q̃) is arbitrarily large. The sole exception is when L’s parameters both
encode the exact mechanism of p⋆ and route each conditioning step to it exactly—an event whose prior
probability decreases with the domain’s structural complexity and with |L| (Appendix H).

Intuition. The map from pre- to post-evidence output is whatever the attention stack, context-
window truncation and compression, and retrieval policy happen to compute; nothing constrains
it to equal Bayes’ rule. There is thus no martingale structure for Lemma 3 to exploit, and a finite
context can evict the very evidence a later query depends on.

Corollary (coupling is necessary). To reliably produce a grounded predictive, an LLM cannot
be relied upon to be the posterior; it must call an explicit, verified GWM that conditions—exactly the
Mode-3 architecture of Section 4.1. Continual learning does not help, and arguably hurts: replacing
in-context updates with gradient steps does not make the update Bayesian conditioning on e either,
and it adds a free knob—the training objective must itself be tuned to the domain to even approximate
the target (Corollary 3). Proof in Appendix G.

2.8 Implications for real-world performance
We have argued the GWM’s advantages along two axes: efficiency (cost and latency) and quality. On
the efficiency finding, the key characteristic is parsimony: because explicit theory, decomposability,
and linear-time inference carry the world’s state directly, a GWM needs far fewer free parameters
than a model that must learn that structure from data. Parsimony in turn governs how cost scales.
Three operations dominate a GWM’s lifetime—authoring (create or maintain a GWM’s structure),
update (absorb evidence), and sample (draw a prediction)—and structure makes all three cheap:
authoring is an infrequent, amortizable program synthesis task, while update and sample are an
O(1) conjugate edit and a single belief-propagation pass whose cost is flat in model size—against a
NWM’s re-read of its entire context on every inference.

This advantage is compounded by the GWM’s advantage on the quality axis, which we have
already extensively detailed above. In summary, a GWM’s prediction quality is fundamentally
bounded only by the system’s intrinsic predictability and observability; given a source of mechanistic
hypotheses to be incorporated into the causal generative model, it is capable of asymptotic Bayes-
optimality. And because of the parsimony identified above, this asymptotic quality is not bought at
extraordinary expense, but realized at startlingly economical budgets.

In what follows, we demonstrate how these theoretical advantages translate into empirical
dominance.
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3 Benchmarking the Costs of Grounded Prediction

3.1 Task and protocol
We benchmark Primordia’s v1 investment GWM against a reference NWM based on a state-of-the-
art LLM as of June 2026 (Claude Opus 4.8), on the domain of fundamentals-based public equity
analysis.10 The unit of measurement is a single case: an analysis of a single traded stock at a given
point in time. The task: given a fixed evidence set about one company, and optionally a set of
assumptions and counterfactual interventions, predict its 12-month forward return as a predictive
distribution and emit an investment recommendation. The inputs, identical across arms, are (i) a
research dossier—a body of qualitative and quantitative findings assembled from public sources by
web research—and (ii) structured fundamentals—the company’s reported financials. The required
output is a predictive distribution (PD) over the 12-month forward return; the GWM produces a set
of samples from the joint distribution over present and future latent covariates, future fundamentals,
and forward price, while NWM produces a five-scenario table (a probability and an implied price
per scenario), a probability-weighted target price, an expected return, a directional recommendation
(LONG or “buy”, SHORT or “sell”, HOLD or “neutral”) with a conviction, accompanied by a full
investment memorandum following a standard fundamental analysis framework that is compatible
with our GWM’s construction logic. For comparability, we summarize the GWM’s output in the
same format as the NWM.11 Typically, the decision support workflow for an investment decision (see
4.1) requires a stream of counterfactual queries and therefore of PD generation tasks: canonically,
the first generated PD serves as a baseline, while subsequent PDs are generated with different sets
of assumptions and counterfactual interventions.12 The sample comprises 20 cases drawn at random
from the deployed universe; the comparison is per-case and the reported figures are medians over
the sample.

Both arms receive the same inputs and must emit the same output schema; they differ only in
whether these quantities are read from a grounded posterior (the GWM; Eq. (1)) or asserted directly
by a language model. The narrative-WM (NWM) arm is the latter: an ablation that removes the
posterior and requires the model to assert the scenario set, its probabilities, the target price, the
expected return, and the recommendation itself. Explanation quality is scored over 20 one-shot
NWM memos, by a tool-backed judge (estimation methodology in Appendix C). Figure 2 shows the
protocol; a fully worked single case is given in Appendix E.

Reproducibility. The research dossiers and structured fundamentals are assembled entirely from
public sources. The NWM harness, the explanation-quality judge agent (Appendix C), the reference
GWM outputs, and a battery of GWM predictive distributions under counterfactual interventions are
released as a self-contained public benchmark13; the per-case input artifacts are available on request.
The GWM side is also reproducible directly, on the free tier at https://app.primordia.ai.

10Compare [Vals AI, 2026]. As illustrated there, performance is nearly equivalent across frontier models of various
sizes and families, which licenses our choice to focus on a single representative LLM for comparison.

11The GWM’s directional recommendation and conviction are deterministic functions of the PD, following industry-
standard decision rules.

12For instance, a typical analyst query like “what would it take for this to be a LONG instead of a HOLD” might
require a decision support system to make dozens of queries to find plausible combinations of assumptions generating
the required results.

13https://github.com/primordia-ai/gwm-nwm-comparison-public
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A stream of Q predictive distributions — each what-if, each re-forecast
PD 1: baseline u₀ · PD 2…Q: what-ifs (new assumptions u, or interventions do(a))

Inputs identical across arms real anonymized case

Research dossier public web research

• ~70% US share in widgets; 90%+ biologics

• Widgets ~9% of revenue; Dublin ramp

• 2025 securities-fraud class action

• FY25 FCF $468.9M (+69.6% YoY); net-cash balance sheet

• ~22x EV/EBITDA vs ~30x 5-yr average

Structured fundamentals reported financials

Spot price $254.34

Market cap $18.3B

Revenue (FY25) $3.07B

EBITDA (FY25) $584.9M

EPS (FY25) $6.79

Net cash $588.5M

Shared analysis framework fundamental-analysis scaffold: drivers → scenarios → valuation

GWM lane
built once, then O(1) per PD

NWM lane
re-run per PD

GWM construction
amortized · paid once · c_build

GWM posterior
q(Y∣u, do(a)) — belief propagation

re-query

each PD: O(1) call · flat in XQ

LLM
no stored posterior

re-run

each PD: re-run · cost rises with XQ bar

Output schema common schema (GWM summarized to match NWM) one PD

summarize

GWM (computed) NWM (asserted)

Scenario Prob Price Prob Price

WORST 2.6% $0 5% $150

BAD 18.8% $184 20% $215

BASE 15.1% $255 40% $298

GOOD 46.1% $369 25% $360

BEST 17.4% $609 10% $430

Target price $290 $298

Expected return +13.9% +17.2%

Direction L/H/S 64 / 27 / 10 65 / 30 / 5

Recommendation LONG LONG

Conviction HIGH Medium

XQ judge — scored measured medians · GWM by construction

GWM NWM
ceiling = attained one-shot attained

Stiffness (S) 1.00 0.83

Counterfactual consistency (CC) 1.00 0.88

Hardness-to-vary (HtV) 0.92 0.67

Residual control (R) 0.95 0.73

Attainability A = ∏ᵢ cᵢ = exp(XQ) 0.87 0.36

Figure 2: The benchmark task. A case is one stock at a point in time; the target Y is its 12-month forward
return, served as a stream of queries that share one model and vary the assumptions u and/or interventions
do(a) (a baseline u0, then re-forecasts and what-ifs). Both arms take identical inputs, follow a shared analysis
framework, and report in a common schema; they differ only in the middle—the GWM is built once, then
answers each query by O(1) inference at flat cost cPD, while the NWM re-runs per query at a cost rising with
the XQ bar (Eq. (8)). A tool-backed judge scores both on (S,CC,HtV, R); cumulative cost and break-even
Q⋆ are in Figure 4.
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3.2 Benchmark results: efficiency and explanation quality
We benchmark the two arms on efficiency and explanation quality, then combine them. Both
arms’ efficiency scales with underlying model size, but two things separate them (Figures 3, 4):
the GWM’s model is far smaller, and—decisively—a GWM posterior is exact given its evidence,
so it delivers its maximal explanation quality (the conditioning-limited ceiling AGWM) at every
predictive distribution regardless of budget and latency constraints, whereas raising a NWM’s
XQ demands more thinking tokens, tool calls, and validator iterations, driving cost and latency
super-linearly toward an attainability ceiling ANWM it can only approach.14 We score quality on
the bounded attainability A =

∏
i ci = exp(XQ) ∈ (0, 1] of Eq. (7) and price both arms on two

consistent bases—single-generation and incremental per-PD—via the NWM per-PD cost model
of Eq. (8) and the break-even of Eq. (12). Appendix C formalizes the two levels a NWM faces—a
structural ceiling no budget can clear (Proposition 5, which we generously equate to the GWM’s)
and the lower level it attains under finite compute (Proposition 6)—and proves that, because XQ
aggregates multiplicatively, the GWM dominates at every finite budget (Corollary 1).

Per-case generation cost and latency. A Primordia v1 case costs cbuild = $2.35 (≈408 s). The
NWM arm (Opus 4.8) costs a measured cNWM = $1.63 (≈230 s) for a standard sourced memo—the
median over 20 cases (range $1.21–$1.82)15, and 3cNWM for a full evidence-chain artifact.

Explanation quality of the two arms. The arms separate on all four XQ axes. The GWM is
exact-by-construction on the mechanism (S = CC = 1), with HtV = 0.92 and R = 0.95. The
narrative arm’s measured components are all well below 1 (S = 0.83, CC = 0.88, HtV = 0.67,
R = 0.73; Table 4)16. Because XQ aggregates multiplicatively, these place the NWM’s deployed
joint correctness at

∏
i ci = 0.36 against the GWM’s 0.87—a 2.4× gap at equal (deployed) cost; a

product is capped by its weakest factor. Appendix E reports the same scorecard for the worked case
(Table 3).

Cost and latency to reach a quality target. Pricing both arms on two consistent bases (Figure 3)
makes the divergence concrete in dollars and wall-clock. Single generation: a single NWM memo
undercuts the GWM build’s cost at a low bar but crosses it at A ≈ 0.43 as the output blow-up
takes over. Incremental per-PD: the GWM answers each PD at a flat cPD = $1.0× 10−6 in 0.086 s,
while the NWM’s cost and latency climb without bound toward the ceiling—357× slower on a

14This shared label ANWM = AGWM is a deliberately generous convention, not a claim that spending enough
tokens actually closes the gap to the GWM. Proposition 5 shows the narrative arm’s true structural ceiling on the
three mechanism-checked axes (S,CC,HtV) is strictly below the GWM’s at every budget: in the weather-forecasting
illustration of Section 2.7 and 2.6, no amount of narration lets an LLM’s forecast satisfy the do-calculus identities that a
numerical model enforces by construction, so more tokens raise the attained XQ along the cost curve of Eq. (8) without
ever closing that structural gap. We cannot establish how much lower the true ceiling is, nor do we have enough data to
fit the blow-up exponent η well enough to extrapolate the cost curve out to it empirically (Appendix C); we therefore
take the best case for the NWM—its ceiling generously equated to the GWM’s—so that every divergence and dominance
result we report (Corollary 1) is conservative, holding a fortiori against the true, lower ceiling.

15Measured via a custom LLM agent given the same knowledge base (research dossier, structured fundamentals) used
to build the v1 GWM, instructed to form every scenario, probability, target price, and recommendation itself; cost is
cache-adjusted API spend over the full agentic tool loop (June 2026 pricing). At this single-generation budget the GWM
build costs and takes more than one NWM memo ($2.35 vs $1.63; 1.8× the latency)—not a contradiction, since the
build is a one-time flat cost and the NWM’s own cost/latency rises with the XQ target, crossing above the GWM’s past
A ≈ 0.43 (Section 3.2).

16Attainments at the deployed budget, not ceilings, each measured conservatively: CC is the two-step
min(CCstat,CCint) estimator of Appendix C (the static step binds at the deployed budget); R is the simplex-volume
residual control of Definition 11, granted only as the NWM’s generous ceiling.
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measured warm re-query (30.9 s) today, and the gap widens as the bar rises.17 By Proposition 1 this
is a statement about prediction quality, not merely its proxy.
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Figure 3: Cost (top) and latency (bottom) to reach a target explanation quality, on two consistent bases. (a)/(c)
Single generation: the GWM’s one-time build vs. the NWM’s full sourced memo, each anchored at its measured
cost/latency at the deployed attainment. (b)/(d) Incremental per-PD: the GWM’s flat belief-propagation pass
vs. the caching-aware NWM re-run of Eq. (8) and its latency analogue. The GWM is flat and sits at the
ceiling in every panel; the NWM diverges toward the same (generously shared) ceiling AGWM (dotted), with
the deployed one-shot NWM marked (A ≈ 0.36). Target axis: bounded attainment A = exp(XQ) ∈ (0, 1]
(Eq. (7)). Log y-axes; values from Appendix I.

Amortizing the build. The single-generation parity is an artifact of Q = 1. The GWM pays
cbuild once, then answers every PD at a flat cPD = $1.0× 10−6 in 0.086 s; the NWM re-runs per PD,
even granted its own best-case caching amortization. The break-even Q⋆(XQ) of Eq. (12) (Figure 4)
shows the build recouped after ≈4 PDs at a modest target (0.1), collapsing to a single PD as the
bar rises; above the NWM ceiling (≈0.87) no number of runs reaches the target. The same logic
applies to wall-clock: the GWM’s slower build is repaid almost immediately once queries stream,
since every follow-on PD answers 357× faster than a warm NWM re-query.18 Appendix E works
one real (anonymized) case end-to-end across the PD stream.

17Latency follows the identical divergence shape as cost (the same output-token blow-up drives both), rescaled by
the measured seconds-per-dollar ratio at the deployed attainment rather than a separate token-rate model (Appendix I).
The conditioning-limited ceiling itself falls with forecast horizon, but that horizon binds both arms equally.

181.8× slower than one NWM memo on the single-generation basis (Section 3.2).
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Figure 4: Amortizing the GWM build against sequential, caching-aware NWM runs. Left: at a modest XQ
target (0.1), cumulative cost crosses at ≈4 PDs—the GWM’s cbuild build plus flat cPD/PD undercuts the NWM,
which re-runs (cached) per query. Right: break-even PD count vs. the minimum XQ required; it falls below
one PD as the bar rises, and beyond the NWM ceiling (≈ 0.87) no number of runs reaches the target. All
values from the shared parameter set (Appendix I).

3.3 Limitations
Our empirical evidence is deliberately scoped, and we are explicit about what is measured versus
assumed. The strongest results are direct measurements over the deployed system: per-case build
cost (cbuild = $2.35/case over 1,184 cases from production logs, ≈408 s of wall-clock), the GWM’s
flat per-PD inference cost and latency (cPD ≈ $1.0× 10−6/PD, 0.086 s/PD), and the narrative arm’s
per-case generation cost and latency (cNWM = $1.63, range $1.21–$1.82; ≈230 s) and warm re-query
latency (30.9 s, the same measured calls that anchor the incremental-PD cost curve). All come from a
single domain—equity investing—so the magnitudes should be read as evidence that the architectural
gap is real and large, not as a cross-domain performance benchmark; a live track record is out of
scope here by design.

The explanation-quality comparison is likewise measured by proxy. We score the narrative
arm’s structural components (S, CC, HtV) with a tool-backed judge over 20 cases (Section 3.2). The
GWM’s own ceiling and its residual-control values R are by-construction (exact posteriors given
evidence), not independently audited, and the cost–XQ blow-up exponent is an empirically justified
modeling assumption rather than a fit. The XQ→PQ proxy (Proposition 1) rests on Assumptions 1–2,
plausible but unverified for any specific domain.

Finally, one bound is not an artifact of measurement at all: even a perfectly specified, perfectly
conditioned GWM is capped by the system’s intrinsic predictability horizon (Section 2.7), which
limits the residual-control component R at long lead times. This is a property of the world, not the
model, and it bounds both architectures equally.

4 Discussion

4.1 Three usage modes of GWMs
As discussed in Section 1, LLM-powered workflows are increasingly applied to real-world decision
tasks. The natural taxonomy is by the driver of the decision loop—who chooses the next action
given the GWM’s posterior—which takes three values: a human, an LLM agent, or an algorithm.
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The first is human-in-the-loop; the latter two are autonomous, distinguished by whether the driver
reasons in language or in code (Figure 5).

Mode 1: human-driven (decision-support). When a GWM informs a human analyst, the
GWM’s key value proposition is the trustworthiness justified by XQ (See Prop. 1): a LLM memo can
be persuasive while being wrong in ways the analyst cannot audit. An LLM retains its role as a
natural-language interface to the GWM’s structured inputs and outputs.

Mode 2: LLM-driven (neurosymbolic agent). We foresee deployments pairing the GWM with
an autonomous LLM agent, where the GWM is the verified predictive core that lends the agent
stiffness and reliability: the LLM explores, frames, and explains, while the GWM computes the
posterior, thus implementing the neurosymbolic pattern proposed in Garcez [2025]. The instructive
contrast is with GraphRAG [Edge et al., 2024], which augments the LLM with a static knowledge
graph: it raises assumption consistency but returns text, not a posterior under an explicit mechanism,
so it gains neither grounding nor proper Bayesian updating. The analogy that does work is the
coding harness—just as agents increasingly call deterministic, verified code rather than re-deriving it,
a decision agent should call a verified GWM rather than re-asserting probabilities. In the RAIL design
space of Chiatti et al. [2026], this places the GWM at the demanding corner of every axis at once—
verified-by-design assurances, structured-symbolic interfacing, and knowledge-guided learning—with
the LLM supplying the neural, exploratory half; it is precisely this combination, rather than any
single axis, that the narrative baselines forgo.

Mode 3: algorithm-driven (MPC / active inference). When a GWM drives a control loop with
no language model in the decision path—rebalancing a position, dispatching capital—predictions
must be produced on a fixed cadence and support counterfactual rollouts for planning. This is
model-predictive control (MPC), and in the probabilistic setting, active inference [Friston et al.,
2017]: the agent selects actions minimizing a expected free energy functional under M.

Mode 1 · Human-driven

driver: human — binding: transparency + grounding

Mode 2 · LLM-driven agent

driver: LLM — GWM as verified core

Mode 3 · Algorithm-driven

driver: algorithm — MPC / active inference

GWM

demand

margin

rates

analyst: “why?”

LLM
optional NL interface

LLM agent
explore · frame · explain

GWM core
compute posterior

call(query) q(Y)

GWM
min E[F]

World

action a

evidence

Figure 5: The three usage modes, organized by the driver of the decision loop. Mode 1 (human-driven) feeds
a named pathway decomposition to a human analyst; an LLM optionally mediates as a natural-language
interface. Mode 2 (LLM-driven) makes the GWM the verified core of a neurosymbolic agent, with the LLM as
its language interface. Mode 3 (algorithm-driven) closes a control loop—the GWM powers an action-selection
module and the world returns evidence.

4.2 An illustrative look at cost and capability
Figure 6 situates the GWM against the general-purpose LLM cost/capability frontier of July 2026.
The point is deliberately illustrative—the GWM does not carry an Intelligence Index score, since it
is not a general-purpose model—but the qualitative claim is precise: the GWM is not another point
competing on this frontier, it is a domain-specific capability that a Mode-2 agent calls on relevant
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tasks, the same way it calls a verified code tool, thus obtaining strict improvements along both cost
and capability axes.19
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Figure 6: The dashed curve estimates the general-purpose LLM cost/capability frontier as of July 2026
(Artificial Analysis Intelligence Index; Artificial Analysis, 2026b,a, FelloAI, 2026, The Decoder, 2026, Artificial
Analysis, 2026c). Every LLM’s published price is converted to an estimated USD/case by anchoring on our
own measured Opus 4.8 arm (cNWM = $1.63; Section 3) and scaling by output-token price. The GWM sits off
this frontier entirely; the arrow marks Mode 2 composition—an agent on the frontier offloading its prediction
subtask to the GWM—not substitution.

4.3 Why a GWM is capital
A GWM is reusable capital: built and verified once for a task class, then applied to many instances
at near-zero marginal cost (the amortization of Section 3.2). This is what makes “call a verified
model” the rational default over “re-derive each time”—what we call the returns to crystallization.
The intuition is that a valid solution to a high-stakes task must satisfy a product of constraints at
once, so the cost of finding one afresh grows exponentially in task complexity, whereas reusing a
verified model costs only an O(1) grounding step. The resulting leverage is large and—decisively—is
dominated by failure avoidance: the value destroyed when an unverified search silently fails and
propagates downstream, a term that does not shrink as token prices fall (we make this quantitative
in Appendix B). Hence a rational principal does not re-derive a grounded model per instance; it
calls a verified one, exactly as agentic coding increasingly calls verified library code rather than
re-synthesizing it—and because a GWM’s reuse cost is the grounding inference itself, climbing the
groundedness ladder and earning this leverage are the same act.

19The domain-specific finance benchmark [Vals AI, 2026] reproduces not just this ranking but the frontier’s shape:
accuracy barely moves across a wide cost and latency range, and the priciest, slowest models are not the most accurate—
notably diminishing returns to even major model advances and test-time compute. This is exactly the behavior
Proposition 5 and the super-linear NWM cost curve (Eq. (8)) predict: added inference budget cannot clear the ceiling.
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4.4 Generalization and scope
Little in this paper is specific to finance. Any domain requiring structural causal prediction—supply-
chain risk, epidemiology, grid planning, macroeconomic policy—has the same groundedness axis
and the same contrast between a verified posterior and a narrated one. The GWM structure transfers
directly; only the latents and the evidence change. That said, any given GWM only produces
predictions within its domain, by construction; the definition of a domain is arbitrary and can extend
well beyond typical discipline walls20, but we do not foresee the construction of a single GWM
capable of answering arbitrary queries on any domain in the same sense as LLMs can; at least in the
short term, combining domain-specific GWMs with an orchestrator LLM as in Modes 1 and 2 of
Section 4.1 appears to be a highly valuable pragmatic compromise.

For simplicity, this paper treats predictions for different cases as siloed, independent contexts.
However, a decision-maker typically must make decisions that are coupled across cases—for instance,
stocks in a portfolio are typically causally correlated. A GWM can naturally be structured to represent
such real-world couplings, producing joint posteriors over an effectively unlimited universe. Doing
so reveals an even more striking advantage against NWMs, which must maintain coherence across
cases using LLM attention mechanisms, at superlinear cost and without any structural guarantees.
We will expand on this significantly in a follow-up paper [Kaufmann et al., 2026].

5 Conclusion

Real-world, high-stakes decision-making demands a causal posterior, which must be produced
by a grounded world model. An LLM can narrate or improvise predictions, but it cannot reliably
be a posterior: its non-Bayesian updating does not keep a prediction proper as evidence arrives
(Proposition 3), and scaling the model does not help—the prior probability that its circuit implements
exact conditioning only decreases with size (Corollary 2). Continual learning does not rescue it
either—a gradient step is no more Bayes’ rule than a context update (Corollary 3). The question is
not whether a language model can emit a number, but whether that number can be grounded, and
at what cost.

As seen in Section 3, our v1 GWM answers each query by inference on a model orders of
magnitude smaller than an LLM, providing grounded predictions at negligible marginal cost, and
amortizing its build within a handful of predictive distributions (Section 3.2). Meanwhile, an LLM
either faces diverging cost or must replicate an ad hoc GWM per query. Further, a GWM’s explanation
quality dominates a narrative model’s at every budget (Section 3.2)—a structural gap that scaling the
language model makes less likely to close, not more (Corollary 1). The comparison is measured over
a public benchmark sample and released for replication (Section 3.1); v1 itself is deployed across
∼12,000 equities.

The implication is architectural and wide-ranging. Because a verified GWM is reusable capital
(Section 4.3), the efficient deployment of agentic AI points toward a shared library of composable
world models rather than per-query renarration: a division of labor in which the language model
frames and explains and the GWM computes the posterior. This is also how automation’s efficiency
can be reconciled with the accountability it displaces (Section 1): the LLM-powered workflows
replacing risk-aware human judgment can answer the right questions correctly only by offloading the
critical computations to a “known-good” model—exactly as a builder offloads physical computation
to a CAD engine.

The economic benefits of offloading are significant. Beyond the first-order effect of strictly
improving agent performance along both cost and quality axes by replacing slow, opaque, autore-

20For instance, successful investment analysis often requires some predictive capability on the industries in question,
as well as systemic factors such as macroeconomics, geopolitics, nature and climate.
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gressive narrative with structured prediction (Section 4.2), offloading has significant multiplier
effects: by providing known-quality, uncertainty-aware predictions in one shot, it prevents sharply
compounding verification and rework costs arising from error and false confidence [Meyerson
et al., 2025, Ro et al., 2025]; mitigates the costs and complexity associated with managing long LLM
context [Liu et al., 2024, Du et al., 2025]; and enables risk-mitigation policies that are deterministic,
verifiable and demonstrably aligned with organization policies [Walters et al., 2025a]. Hence, given
the ubiquitous need for structural causal prediction in the sort of day-to-day knowledge work being
automated by LLMs, we suggest that a significant fraction of a typical business LLM agent’s token
stream will be offloaded to GWMs as they become available for more domains, thus making business
AI more economical, safe, and trustworthy.
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A Instantiation of Numerical Weather Prediction as a GWM

GWM element Numerical weather prediction counterpart

Explicit causal mechanism p Discretized Navier–Stokes + thermodynamics (known
physics).

Grounding map g (Bayesian
conditioning)

Data assimilation: 4D-Var / ensemble Kalman filter over
millions of daily observations [Kalnay, 2003].

Predictive distribution (PD) Ensemble forecast: perturbed initial conditions +
stochastic physics.

Verified correctness / invariants Conservation of mass, energy, and momentum enforced
by the integrator.

Predictability horizon Lyapunov limit on forecast lead time [Lorenz, 1963].

Table 1: Numerical weather prediction realizes the GWM contract element by element—the most mature
deployed grounded world model.

B The Returns to Crystallization

This appendix gives the formal return structure behind the reusable capital argument of Section 4.3.
Searching for a fresh, valid solution to a task of complexity κ is expensive because a non-trivial
objective is a product of constraints that must all hold at once; valid solutions occupy a sparse island
whose measure decays geometrically in the number of binding constraints m(κ). The expected
search cost thus scales like q̄−m(κ) ξ(κ) (with q̄ < 1 the per-constraint pass rate and ξ ≥ 1 a
backtracking overhead), while reusing a verified model costs only an instance-adaptation factor
ρ(κ) = O(1)—for a GWM, the grounding inference of (13) that ties parameters to this instance’s
evidence. Their ratio is the crystallization leverage

Λ(κ) =
search cost
reuse cost =

q̄−m(κ) ξ(κ)

ρ(κ)
, (2)

which grows exponentially in κ, since the numerator does and ρ is bounded. Calibrated to current
frontier per-step reliability, Λ ≈ 160× for a four-hour task and > 6,000× for a full workday task.
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Token leverage is only half the incentive. Writing V (κ) for task value, Psucc(κ) for the probability
that an unverified search succeeds, and δ(κ) ≥ 1 for the damage multiplier when it fails and the bad
output propagates downstream, the per-invocation gain from using a verified model decomposes
into two additive terms:

∆(κ) = V (κ) (1− Psucc) (1 + δ(κ))︸ ︷︷ ︸
failure avoidance

+ Treuse(κ) (Λ(κ)− 1)︸ ︷︷ ︸
token savings

. (3)

The token-savings term shrinks as inference prices fall; the failure-avoidance term does not. For the
high-stakes, many-constraint tasks that dominate the high-κ regime it is the binding incentive—at
κ = 10 it already reaches ≈ 3.96V per invocation—and it persists even as token costs approach
zero.

C Explanation-Quality Components and Heuristic Parameter
Derivations

This appendix gives formal definitions for the four components of XQ (Definition 7).
Let q be a PD produced by a computation with named structural inputs θ = (θ1, . . . , θm), a set

of invariants I (accounting identities, sign and monotonicity constraints), and—for sampling-based
WMs—a Monte-Carlo budget yielding standard error se(q) on a target summary functional T (q)
with natural scale τ . Fix a battery A of intervention queries.

Definition 8 (Rationale stiffness). Let εj = ∂ log T (q)/∂ log θj be the elasticity of T to input θj ,
and Bj the mechanism-implied admissible band for that elasticity. Then

S(q) =
1

m

m∑
j=1

1[εj ∈ Bj] ∈ [0, 1], (4)

the fraction of inputs that are not free knobs (responses bounded and mechanism-consistent).

Definition 9 (Counterfactual consistency).

CC(q) =
1

|A|
∑
a∈A

1[ q(· | do(a)) satisfies I and the do-calculus identities ] ∈ [0, 1]. (5)

Definition 10 (Hardness-to-vary). For an alternative outcome y′, let q′ be the nearest model (minimal
structural edit) that fits y′ without violating I , and δ(y′) = d(q, q′)/dmax ∈ [0, 1] the normalized
forced change. Then HtV(q) = Ey′ [δ(y

′)]: a high value means the explanation cannot be cheaply
twisted to fit a different outcome [Deutsch, 2011].

Definition 11 (Residual-noise control). R(q) = 1 − U(q) ∈ [0, 1], where U(q) is the residual
uncertainty about the true posterior left by the computation that produced q; R = 1 in the exact-
inference limit. For a sampling WM with Monte-Carlo standard error se(q) and tolerance τ , U =
min

(
1, se(q)/τ

)
, which vanishes in the large-sample limit. A single narrative emission instead

asserts one scenario distribution while its qualitative rationale pins only a set B of distributions
on the K-scenario probability simplex ∆K−1; the residual uncertainty is then the linear extent of
that set, U =

(
vol(B)/vol(∆K−1)

)1/(K−1), so R = 1 −
(
vol(B)/vol(∆K−1)

)1/(K−1) (estimated in
Appendix C).
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The four components are independent correctness probabilities, so the joint correctness of q is
their product and explanation quality is the corresponding log-probability:

XQ(q) =
∑
i

log ci = log S(q) + log CC(q) + logHtV(q) + logR(q) ≤ 0, (6)

measured in nats, on the same scale as PQ = −DKL. Near the ideal, −XQ =
∑

i(− log ci) ≈∑
i(1− ci), which recovers to first order the linear KL bound used in the proof of Proposition 1; the

log form is its all-orders extension, and unlike an arithmetic mean it admits no cross-component
compensation—a single weak axis caps the whole. For figures and quality targets we use the bounded
attainment

A(q) = exp
(
XQ(q)

)
= S CCHtVR ∈ (0, 1], (7)

the joint-correctness probability of the four axes—a strictly monotone transform of XQ (indeed
XQ = logA), so every ceiling and ordering statement transfers between the two, and a ratio of two
A’s is exactly the exponential of their XQ difference.

A note on scale, to avoid a common confusion. XQ ∈ (−∞, 0] itself is the log-scale quantity
Proposition 1 lower-bounds PQ = −DKL(p

⋆∥q) by, and—exactly as intuition suggests—it increases
toward (though it need not reach) 0 as q becomes a better explanation, mirroring PQ → 0 as q → p⋆;
this is not in tension with attainment being bounded. What lives on the familiar [0, 1] scale is not
XQ but A = exp(XQ) ∈ (0, 1]. Because the two are a strictly monotone transform of each other,
we use them interchangeably in prose below for readability—so wherever the text speaks of “raising
XQ,” an “XQ target,” or an “XQ ceiling” expressed as a number in (0, 1), it denotes this bounded
attainment A, not the log-scale XQ of Eq. (6), which is what is actually being plotted or bounded in
Sections 3.2 and the propositions below.

Operational estimators of the components
The definitions above are population quantities over a battery A and an invariant set I ; we now state
how each is estimated on the narrative-arm memos (the measurement of Section 3.1), so the reported
scores map transparently onto Definitions 8–11. A tool-backed judge agent (also Claude Opus 4.8)
reads each memo equipped with a sandboxed arithmetic evaluator and a numerical closeness check;
it may verify a number only by calling a tool, so the structural scores are tool-checked rather than
asserted, and the full call log is persisted per case for audit.
• Stiffness S (Def. 8). The fraction of headline numbers (target price, expected return, direction

probabilities, the weighted scenario value, each multiple-to-price bridge) that are reconstructible
from other stated inputs in the memo. A number that no stated inputs reproduce is a free
knob—an unconstrained elasticity direction, the discrete analogue of εj /∈ Bj .

• Counterfactual consistency CC (Def. 9). Estimated in two steps and combined as CC =
min(CCstat,CCint), so the weaker step caps the score. Step 1 (static internal consistency): the
battery that probabilities sum to one; the stated target equals the probability-weighted scenario
prices; expected return = target/spot −1; the direction buckets match the scenario upsides;
scenario prices are monotone in severity; and the recommendation’s sign lies in the stated
return band—each an instance of “q satisfies I ,” checked with the tools. This step certifies
only that the memo is self-consistent, not that it answers do(a) correctly. Step 2 (interventional
re-query): to test the do-calculus clause of Definition 9 directly, the judge poses at least five
off-grid interventions do(a)—probes whose correct answer is neither any tabulated scenario
price nor a convex re-weighting of them, spanning between-scenario, compound, fixed-input,
and mechanism-inversion families—and re-queries the same NWM under each, holding its stated
thesis and mechanism fixed. Each re-forecast is scored continuously in [0, 1] for whether it
tracks the memo’s own stated mechanism in both direction and magnitude (no external oracle),
and CCint is their mean.
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• Hardness-to-vary HtV (Def. 10). The one component scored as a direct judgment: the minimal
structural edit needed to make the rationale fit the opposite recommendation without breaking
an invariant, in [0, 1].

• Residual-noise control R (Def. 11). Measured per memo. The judge brackets each of the K
scenario probabilities by a band [ℓk, uk] that the narrative defensibly supports; a deterministic
tool computes the fraction f = vol(B)/vol(∆K−1) of the simplex compatible with those bands
(by uniform-simplex sampling), and R = 1− f 1/(K−1). A tightly argued distribution gives small
f and high R; a vague one gives R → 0. The GWM’s large-sample R is taken as the NWM’s
generous ceiling (reachable only by MC-averaging many emissions), not as its deployed value.

D The Sampling Budget: Latency vs Residual Monte-Carlo
Error

Every GWM headline (target price, direction probabilities, scenario mix) is a functional of nsamples

Monte-Carlo draws, so the sample budget trades latency against the residual noise that enters
the residual-noise control R(q) = 1 −min(1, se(q)/τ) of Definition 11. We fix nsamples = 10,000
throughout; this appendix justifies that choice. Sweeping by powers of ten over the cost-benchmark
cases of Appendix F (warm median wall-clock; standard error of T (q) = E[upside] estimated as
se(q) = σ̂upside/

√
nsamples), Figure 7 plots the tradeoff.
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Figure 7: Choosing the sampling budget: latency vs residual noise. Latency per predictive distribution
(log, vertical) against the residual Monte-Carlo standard error on the return summary (log, horizontal;
right = lower error = better), swept over powers of ten and aggregated as the median over recent deployed
v1 cases. The residual falls as the textbook n−1/2 (each decade cuts it ≈ 3.2×), while latency is flat below a
per-call overhead floor and then rises roughly linearly—so the curve’s geometric elbow is near n=1k, not at the
deployed budget. We nonetheless deploy n=10k (circled) for sufficiency, not because it is the elbow: it is the
smallest budget whose residual clears the decision-relevant se≈1% band (dotted; R≈0.83 at τ=5%) while
latency is still sub-100ms. The elbow at 1k is too noisy (se≈2.7%, R≈0.47—enough to flip a direction call),
and the next decade to 100k pays ≈ 9× the latency for a further

√
10 residual reduction that no longer moves

a decision. The top axis reads the same residual as the bounded residual-noise control R = 1−min(1, se/τ)
(Def. 11).

Two regimes bracket the choice: below ∼103 samples a fixed per-call overhead floors the latency
while the residual balloons, and above ∼104 the sampling loop dominates, so each further decade
costs a near-full decade of latency for only a

√
10 residual gain. The 10,000-sample budget clears

the floor and drives R into saturation at sub-second latency; because the residual scales as n−1/2,
only the absolute latency floor (hardware) moves with the case mix, not the choice itself.

E A Worked Example: GWM vs NWM on One Case

This appendix grounds the protocol of Section 3.1 in one real case from the sample—anonymized as
ACME, spot $254.34—showing both the single-PD quality contrast and the cost of a stream of PDs.
All numbers are taken from the released artifacts: the NWM memo and its tool-checked judge log,
and the GWM’s evaluated posterior.

One PD: the quality contrast
Both arms received the same dossier and fundamentals and emit the same schema. Table 2 places
the two outputs side by side.
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NWM (asserted) GWM (computed)

Scenario Prob Price Upside Prob Price Return

WORST 5% $150 −41.0% 2.6% $0 −100%
BAD 20% $215 −15.5% 18.8% $184.0 −27.7%
BASE 40% $298 +17.2% 15.1% $255.0 +0.2%
GOOD 25% $360 +41.5% 46.1% $368.7 +45.0%
BEST 10% $430 +69.1% 17.4% $608.5 +139.3%

Target price $298 $289.7
Expected return +17.2% +13.9%
Direction L/H/S 65 / 30 / 5 (table implies 75 / 20 / 5) 63.5 / 26.8 / 9.7
Recommendation LONG LONG
Conviction Medium HIGH

Table 2: ACME, side by side: asserted vs computed (spot $254.34). Red = asserted by the model; blue
= computed from the posterior (read off the same Monte-Carlo samples). The NWM’s direction probabil-
ities (65/30/5) are a free knob that contradicts its own scenario table, which implies 75/20/5; the GWM’s
(63.5/26.8/9.7) are Pr(upside > hurdle) over the scenario samples and so cannot disagree with the table. The
GWM target is the probability-weighted geometric-mean certainty-equivalent (vs the NWM’s arithmetic
weighted price), and its WORST bucket is a sub-−78.8% wipeout tail.

What the judge finds. The tool-backed judge (Appendix C) reconstructs the NWM’s headline
numbers with its calculator: the target reconstructs as the probability-weighted price (

∑
i pi Pi =

302.7 ≈ 298, within 2%), expected return as 298/254.34− 1 = +17.2%, and each scenario upside
as Pi/254.34− 1—all pass. One number does not reconstruct: the asserted direction probabilities
65/30/5 contradict the scenario table, which implies 40+25+10 = 75% LONG, 20% HOLD, 5%
SHORT. This single free knob fails one of nine static consistency checks (CCstat = 8/9 = 0.889)
and one of seven stiffness checks (S = 6/7 = 0.857). Probing further, the judge re-queried the
same NWM under five off-grid interventions—a between-scenario multiple compression, a buyback
that accretes EPS, a compound revenue/margin shift, an interpolated revenue/margin/multiple
triple, and a breakeven-multiple inversion, none answerable from the scenario table—and every
re-forecast tracked the memo’s own EPS×multiple bridge in direction and magnitude (CCint = 1.0),
so CC = min(0.889, 1.0) = 0.889. Hardness-to-vary is judged 0.62 (the soft scenario probabilities
and a reversible narrative can be re-spun for a bear case without breaking the arithmetic). Residual
control is measured from the probability bands the narrative supports: only f = 0.8% of the
five-scenario simplex is compatible, giving R = 1 − f 1/4 = 0.705—high, but below the GWM’s
large-sample 0.95.

The GWM has no such knob to break. Its scenario probabilities sum to one, each scenario upside
equals Pi/spot − 1, prices are monotone in severity, and—crucially—its direction probabilities are
not asserted but read off the same posterior samples as the scenarios, so they cannot disagree with
the table. Stiffness and counterfactual consistency are therefore 1 by construction (Table 4); the
residual gap to a perfect explanation is bounded misspecification (HtV = 0.92) and Monte-Carlo
residual (R = 0.95), not a free parameter. Table 3 collects the scores.
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Component NWM (ACME) NWM (median) GWM

Stiffness S 0.857 0.83 1
Counterfactual consistency CC 0.889 0.88 1
Hardness-to-vary HtV 0.62 0.67 0.92
Residual control R 0.705 0.73 0.95

Attainment A =
∏

i ci — 0.36 0.87

Table 3: Explanation-quality scorecard for the worked case. ACME’s measured (S,CC,HtV, R) are near
the sample medians, yet still bounded well away from the GWM’s S = CC = 1. Because XQ aggregates
multiplicatively (Eq. (6)), the NWM’s joint correctness trails the GWM by 2.4×.

Across the stream. Table 3 is the Q=1 slice, which most flatters the NWM. ACME is in fact
queried repeatedly—each what-if and re-forecast is another PD—so its per-case economics are those
of Sections 3.2–3.2: ACME’s GWM build is paid once, and every follow-on PD, including the do(a)
battery (re-rating the exit multiple, shifting demand, flipping ValuationReRates), is a flat cPD call
that preserves the invariants above (CC→1). A one-shot NWM run costs up to $1.82 and buys no
reusable posterior (only a KV cache of the run’s input and output tokens), so every additional PD is
another run at a cost that climbs with the XQ bar. The crossover and ceilings are exactly those of
Figure 4.

F Cost-Model Details

This appendix states the narrative arm’s per-PD cost model used in Section 3, the assumptions
behind it, and the resulting blow-up claim; the proof is deferred to Appendix G.

Setup
Writing the cached-context re-read as Tcache pcache and the per-PD output as nTout pout scaled by a
quality-dependent blow-up factor,

cNWM(XQ) = Tcache pcache︸ ︷︷ ︸
cached re-read

+ nTout pout

(
ANWM

ANWM − XQ

)η

︸ ︷︷ ︸
output (diverges at the ceiling ANWM)

, (8)

where ANWM is the NWM’s structural ceiling (Proposition 5), Tout the tokens to narrate one PD,
η > 0 the cost–quality blow-up exponent, and n ≥ 1 the number of emissions MC-averaged into
one PD.

After Eq. (8), the ceiling ANWM is budget-invariant—a structural supremum no spending can
exceed (Proposition 5), and for quantification we generously set it equal to the GWM’s, ANWM =
AGWM—so it fixes the pole location. What a larger budget does buy is a higher achieved XQ:
unstructured validator iteration certifies progressively more of the checkable invariants (the stiffness
reconstructions, the static-CC consistency checks, and the HtV-hardening edits), pushing the
achieved attainment up toward ANWM at a per-PD cost that diverges as XQ ↑ ANWM. Residual
control is improved not by validator iteration but by MC-averaging emissions (the factor n above);
we grant its large-sample value only as the ceiling, while the one-shot deployed memos attain a
measured R = 0.73 < 0.95 (Appendix C). The numerical value of η is calibrated (Appendix I); the
claim below identifies it.
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Coverage and the cost of adversarial certification
Throughout, the XQ target is set by an ideal adversarial validator that maintains an unbounded bat-
tery of checkable invariants—the interventional queries of Definition 9 together with the structural
reconstructions of Definitions 8 and 10—and certifies the NWM’s predictive only when it jointly
passes a finite subset of size ν. We derive the two ingredients of the blow-up (coverage and cost)
rather than assume them.
Lemma 1 (Saturating coverage). Let x < xc (xc = ANWM, Proposition 5) be the attainment reached
when the predictive jointly passes ν invariants drawn from the battery, and write the residual incorrect-
ness r = 1− x/xc ∈ (0, 1). Because XQ aggregates multiplicatively (Eq. (6)), certifying one further
invariant removes a fraction of r that is bounded away from 0, so in the continuum limit

dx

dν
= λ (xc − x), λ > 0. (9)

Proof. Joint correctness is the product
∏

i ci of per-invariant correctness events (Eq. (6)), so the
residual r = 1− x/xc is the surviving share of error. An adversary never spends a query on a check
already implied by the passed set, and draws invariants of comparable difficulty; hence certifying
the (ν+1)-th invariant multiplies the surviving error by a stationary factor 1− β with β ∈ (β0, 1),
β0 > 0. Thus r(ν+1) = (1 − β) r(ν), i.e. dr/dν = −λr with λ = − ln(1 − β) > 0; substituting
r = 1− x/xc gives (9).
Lemma 2 (Adversarial certification is geometrically hard for a mechanism-free model). A narrative
WM certifies invariants only by local edits to its state—appended context tokens, retrieved snippets, or
gradient steps—none of which is the Bayesian conditioning operator Be (Proposition 3), and none of
which supplies the unified internal mechanism that would satisfy the invariants jointly (Appendix H).
Then there is a per-invariant pass rate q̄ < 1 such that the expected number of O(1) refinement passes
to jointly certify ν invariants is bounded below by the crystallization law of Appendix B,

k(ν) ≥ q̄−ν . (10)
Proof. We mirror the measure argument of Proposition 3. (i) Each pass is non-generic. The edit
that fixes a freshly drawn invariant maps the state to a new predictive which, by Proposition 3(i),
coincides with the Bayes-conditioned target only on a measure-zero subset of states; passing the
invariant is therefore a non-generic event of probability at most some q̄ < 1. This bound is uniform
over the battery: were it not—were some sequence of edits to drive the joint pass rate to 1 across
the unbounded battery—then by Richens and Everitt [2024] the NWM would have to embed an
approximate causal model and route each intervention to it as a conditioning operation, i.e. its
internal state would always implement a GWM even as autoregressive decoding perturbs it. By the
non-generic-circuit measure of Proposition 3 (the subset of |L|-parameter circuits implementing
exact conditioning has prior measure decreasing in |L| and K) this event does not occur for a
mechanism-free L, so q̄ < 1 strictly. (ii) Constraints do not co-crystallize. Because no shared
mechanism enforces the invariants jointly, the edit that passes invariant ν+1 is uncorrelated with
those that passed 1, . . . , ν and regresses each with positive probability; the ν pass-events are thus
no better than independent, and the joint-pass (all-certified) set has measure at most q̄ν . This is
exactly the sparse-island structure of Appendix B with m = ν binding constraints, whose expected
search cost is q̄−m; hence k(ν) ≥ q̄−ν .

Claim
Proposition 4 (NWM cost blow-up). Combining Lemmas 1 and 2, the NWM per-PD cost follows the
output term of Eq. (8) with the exponent identified:

C(x) ∝ q̄−ν(x) =
( xc

xc − x

)η

, η =
ln(1/q̄)

λ
> 0. (11)
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Moreover the pole at xc is impassable for a categorical, not a budgetary, reason: crossing it requires
CC → 1, which by Richens and Everitt [2024] entails an (approximate) causal mechanism—becoming
a GWM—unavailable to a mechanism-free model confined to its function class.

Remark (residual sub-lever). When the predictive is estimated from n sampled emissions rather
than emitted wholesale, reducing the Monte-Carlo residual adds a second cost scaling as (1−R)−2

(error ε ∝ n−1/2, cost linear in n)—the η=2 special case—which only reinforces the divergence.
Proposition 4 thus establishes the output term of Eq. (8) and pins η to interpretable quantities; the
cost diverges at the structural ceiling, which we generously set equal to the GWM’s (the true ceiling
lying strictly below).

Pricing bases and break-even
Both arms are priced on two consistent bases (Figure 3). On the single-generation basis the GWM
pays a one-time build cbuild (yielding a reusable posterior) against the NWM’s first run c↑NWM +
cNWM(XQ); on the incremental per-PD basis the GWM pays a flat belief-propagation pass cPD against
cNWM(XQ) per query. Cumulative cost after Q predictive distributions is CGWM(Q) = cbuild+QcPD
versus CNWM(Q) = c↑NWM +QcNWM(XQ), so the build is recovered after

Q⋆(XQ) =
cbuild − c↑NWM

cNWM(XQ)− cPD
(12)

predictive distributions (Figure 4); Q⋆ falls below one as the quality bar rises and is undefined once
XQ exceeds the NWM ceiling, where the NWM cannot reach the target at any budget.

G Proofs

Throughout, qE denotes a GWM’s posterior predictive for Y after conditioning on evidence E
(Eq. (1)), and p⋆ the reference of Definition 6. Grounding is the following conjugate Beta–Bernoulli
update:

p(h | E) = Beta(αh, βh) , αh = 1 +
∑
e∈E+

h

we, βh = 1 +
∑
e∈E−

h

we, (13)

where we is the trust weight of source e and E+
h , E

−
h are supporting and refuting evidence Hence, at

the level of each evidentiary hypothesis the model is well-specified and the update is exact Bayesian
conditioning.

The results below use two assumptions, stated here (the counterfactual battery A and invariant
set I are formalized in Appendix C).

Assumption 1 (Representative checks). The finite battery A of counterfactual queries and the
invariant set I are representative of the query/outcome distribution of interest, so that certifying
them bounds the error on untested queries up to an O(ϵ) remainder.

Assumption 2 (Bounded misspecification). The GWM is not grossly misspecified: p⋆ (or its best
computable approximation, in the M-open case) lies within the support of the model class entertained
by g.21

21Checking whether this assumption holds—comparing the model against held-out outcomes, revising its structure
when it fails—is itself not a coherent Bayesian operation: it requires stepping outside the model class entertained by g
to entertain structures the prior never covered, the “Cantor’s corner” tension identified by Gelman and Yao [2021]. We
do not claim Assumption 2 is verified from within the formalism; we claim it is checked and iteratively repaired by the
program-synthesis and validation loop described in Section 1, a practice external to, and in that sense in tension with,
strict Bayesian coherence.
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Empirical support. These realizability conditions are supported by confidential quantitative and
qualitative data from forward-testing and daily system usage (internally since December 2025,
publicly live since February 2026). A follow-up paper will provide public evidence that the class
entertained by g contains a sufficiently accurate, recoverable causal model of the target domain, i.e.
that realizability binds in practice and not merely in principle.

Lemma 3 (Prequential information bound). Let evidence Et = {e1, . . . , et} accrue under p⋆, and
suppose the prior assigns mass π⋆ > 0 to the hypothesis realized by p⋆ (Assumption 2). Then the Bayes
predictive losses satisfy∑

t≥1

Ep⋆ DKL

(
p⋆(· | Et−1) ∥ qEt−1

)
≤ − log π⋆ < ∞. (14)

In particular the expected per-step divergence is summable, hence → 0, and cannot persistently increase.

Proof. The cumulative log-loss of the Bayes mixture predictor telescopes to − log of the marginal
likelihood of the data, and the marginal likelihood is bounded below by π⋆ times the truth’s likelihood
(retain only the true component of the mixture). Taking expectations under p⋆ and applying the
chain rule of relative entropy yields (14); this is the standard prequential/MDL redundancy bound
for Bayesian mixtures [Hoeting et al., 1999, Solomonoff, 1964]. Summability of the non-negative
terms forces them to 0.

Proof of Proposition 2 (Bayesian quality guarantee)
Proof. Finiteness. By Assumption 2, p⋆ (or its best computable approximation, in the M-open case)
lies in the support of the class entertained by g, so qE is absolutely continuous with respect to p⋆ on
the relevant support and DKL(p

⋆∥qE) < ∞.
Monotonicity. For the conjugate update (13), the posterior predictive is the Bayes-optimal

predictor under log-loss. By Lemma 3 the expected divergence is summable and cannot persistently
increase; for a single well-specified conjugate family it is monotone non-increasing at each step, since
absorbing e only sharpens Beta(αh, βh) toward the realized frequency. Hence EDKL(p

⋆∥qE∪e) ≤
DKL(p

⋆∥qE).
No narrative analogue. An NWM emits q̃ directly (or estimates it from samples) with no condi-

tioning operator: “updating” is re-prompting the language model L, a map not constrained to be
Bayesian, so DKL(p

⋆∥q̃) may increase with new evidence; and when the predictive is read from sam-
pled points, its law can depend on prompt framing, so the divergence need not even be well-defined.
It does not inherit the guarantee.

Proof of Proposition 3 (narrative updating is improper)
Proof. Model the NWM as a fixed language model L equipped with an update operator UL that
maps a state—context tokens, or a knowledge base together with a retrieval policy—and a new
evidence item e to a new state, from which the implied predictive q̃ is read by decoding. Write Be

for the exact Bayesian update p(· | E) 7→ p(· | E ∪ e).
(i) Non-preservation. UL is computed by attention over a finite, compressed context (or by a

bounded-recall retrieval step), and its output is the decoded next-token law—a continuous function
of the prompt embedding with no constraint tying it to Be. The two maps therefore agree only
on a measure-zero subset of (L, e): generically q̃E∪e = UL(q̃E, e) ̸= Be

(
p⋆(· | E)

)
= p⋆(· | E ∪ e)

even when q̃E = p⋆(· | E). The discrepancy is governed by attention allocation, context-window
truncation and compression, and retrieval precision, none of which implement conditioning, so
propriety is not invariant under UL.
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(ii) Non-convergence and unbounded error. Because the per-step map is not a Bayes update, the
cumulative log-loss does not telescope to − log of the marginal likelihood, the prequential bound
(14) does not apply, and nothing drives the per-step divergence to zero. Concretely, the context
window is finite: for any horizon there is an evidence stream whose informative items are evicted or
compressed away, after which q̃ is independent of them. Choosing a query Y whose answer depends
on the evicted evidence makes p⋆(· | E) place mass where q̃ places none, so DKL(p

⋆∥q̃) exceeds
any prescribed δ. The same holds for KB-augmentation whenever the retrieval policy misses the
relevant item.

The exception. Both failures vanish only if L internally represents the exact mechanism of p⋆
and its attention/retrieval routes each e to that representation as a conditioning operation. Treating
the realized circuit as a draw from the function class of an |L|-parameter network of structural
complexity K , the subset implementing exact conditioning has prior measure decreasing in both K
and |L|: more parameters admit exponentially more circuits, among which the correctly-wired one
is a vanishing fraction. The event is thus non-generic and becomes less likely as either grows.

Consequences. Two consequences are stated formally in Appendix H: enlarging L does not raise
the prior mass of the exception (Corollary 2), and replacing UL with a gradient step does not recover
propriety either (Corollary 3). In both cases a guarantee of a proper posterior requires an explicit,
verified conditioning operator external to L—coupling L to a GWM it calls (Section 4.1).

Proposition 1 (XQ proxies PQ), full statement
Write the excess risk DKL(p

⋆∥q) as approximation plus estimation error. Then, on the queries in the
battery A and with no further assumption: (i) the residual component R bounds the estimation term (it
is the Monte-Carlo error, zero in the exact-inference limit); (ii) the counterfactual-consistency component
CC bounds the approximation error on the tested interventions (satisfying the do-calculus identities is
exactness on those queries); and (iii) under a Lipschitz regularity condition the stiffness component S
bounds the estimation term via feasible-set complexity. Consequently XQ is monotonically related to
PQ on A. Under Assumption 1 this extends to all queries (with HtV controlling the extrapolation) and
under Assumption 2 the divergence is finite; increasing XQ then cannot decrease PQ beyond an O(ϵ)
slack.

We first isolate the contributions that hold unconditionally, then add the single assumption
needed for extrapolation; this makes precise the sense in which mechanistic faithfulness is mostly a
result.

Decompose the excess risk into approximation and estimation terms,

DKL(p
⋆∥q) = DKL(p

⋆∥q†)︸ ︷︷ ︸
approximation

+ Ep⋆
[
log q†/q

]︸ ︷︷ ︸
estimation

, (15)

where q† is the best predictive attainable within the model’s structural constraints.

Lemma 4 (Unconditional component bounds). Without any faithfulness assumption:
(a) (Residual.) The estimation term equals the Monte-Carlo discrepancy between the sampled q and

the exact predictive q†; by the delta method it is O(se(q)2) = O
(
(1−R)2

)
, vanishing as R → 1.

(b) (Counterfactual.) On each tested intervention a ∈ A, CC = 1 means q(· | do(a)) satisfies the
do-calculus identities that p⋆ also satisfies; hence the approximation term restricted to A is zero,
and in general is O(1− CC).

(c) (Stiffness.) If the target functional T is L-Lipschitz in log θ, the estimation error is bounded by
L2 times the volume of the elasticity-feasible set, which is O(1 − S) (each free knob adds one
unconstrained direction).

Proof. (a) is the standard delta-method variance of a smooth functional of a Monte-Carlo estimate.
(b) is immediate from Pearl’s do-calculus: matching the identities is equality of the interventional
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distributions onA, so the KL contribution there is 0; the linear-in-(1−CC) bound follows by counting
violated checks. (c) is a covering-number bound: with dfree = m(1− S) unconstrained directions
and an L-Lipschitz T , the estimation variance scales with the feasible-set volume ∝ dfree.

Proof of Proposition 1. Lemma 4 already gives, on the checked queries, DKL(p
⋆∥q) ≤ c1(1− CC) +

c2(1− S) + c3(1−R)2 for constants ci depending on L and the battery—no faithfulness assumption
used. Thus higher CC, S, R provably lower the divergence on A, so on those queries XQ is
monotonically related to PQ.

It remains to pass from the checked queries to the full query distribution. By Assumption 1
(representative checks), the un-tested approximation error is at most an O(ϵ) remainder, and HtV
controls it: a high HtV(q) means few alternative models fit the same data, so by the Occam/MDL
argument the certified-on-A model is close to p⋆ off A as well (the surviving-explanation volume is
small). Assumption 2 keeps the divergence finite. Combining, DKL(p

⋆∥q) ≤ c1(1− CC) + c2(1−
S) + c3(1−R)2 + c4(1−HtV) +O(ϵ). This bound is a sum of gaps (1− ·), whereas XQ of (6) is a
sum of logs; the elementary inequality 1− x ≤ − log x on (0, 1] (and (1−R)2 ≤ 1−R ≤ − logR)
bounds each gap by the negative log of its attainability, so with c̄ = max{c1, c2, c3, c4},

PQ(q) = −DKL(p
⋆∥q) ≥ c̄XQ(q) − O(ϵ), (16)

a monotone affine lower bound, tight to first order as the attainabilities approach 1. This one-
sided relation—not a bijection—is exactly what the downstream results require: XQ lower-bounds
closeness to p⋆, so raising XQ raises the guaranteed floor on PQ, and XQ can never certify a
prediction quality the model does not have. Equal-XQ models may still differ in PQ, which the
proposition’s “up to a bounded slack” already permits. Hence XQ is a valid observable proxy for the
unmeasurable PQ, and the CC, R, S channels are results rather than assumptions.

XQ ceilings, deployed attainment, and the quality gap
Proof. We must distinguish two quantities. The ceiling of a WM class is the attainable supremum of
its components, aggregated by (6); the deployed attainment is the joint correctness the model actually
realizes at its operating budget—a point on the cost curve. For a GWM the two coincide: a posterior
is exact given its evidence, so the GWM sits at its ceiling at flat cost (attained = ceiling). Being
mechanism-pinned it is exact-by-construction on stiffness (S = 1) and counterfactual consistency
(CC = 1); its hardness-to-vary is < 1, reflecting bounded misspecification (Assumption 2); and it
has the highest residual-noise control R, because exact / large-sample belief propagation drives se(q)
to near zero. For a NWM the two differ : the table reports its deployed attainment, with the structural
triple (S,CC,HtV) taken as the measured medians over the one-shot NWM memos (Section 3.2).
Residual control is also measured at the deployed budget (the simplex-volume residual-uncertainty
of Definition 11): the NWM’s one-shot R = 0.73 sits below the GWM’s large-sample R = 0.95, so
R does not cancel—the GWM leads on all four axes. The GWM’s R is granted only as the NWM’s
theoretical ceiling (reachable by MC-averaging many emissions). The measured CC is the two-step
estimator of Appendix C, min(CCstat,CCint), combining the static internal-consistency battery
with an off-grid interventional re-query of the same NWM; at the deployed budget the static step
binds, so the reported CC remains a conservative estimate of the interventional ideal of Definition 9.
The NWM’s theoretical ceiling is strictly below the GWM’s (Proposition 5); for all quantification
we conservatively set it equal to the GWM’s, so the cost-divergence and dominance results hold a
fortiori. The per-component values are:
• GWM (attained = ceiling) (S,CC,HtV, R) = (1, 1, 0.92, 0.95). S = CC = 1 because

the probabilistic program enforces the elasticity bands and the do-calculus identities exactly
(Definitions 8 and 9); HtV = 0.92 < 1 encodes bounded misspecification (Assumption 2)—
conditioning still leaves some explanatory slack; and R = 0.95 is the highest residual control,
from exact / large-sample belief propagation (Definition 11).
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• NWM (deployed, one-shot) (0.83, 0.88, 0.67, 0.73). All four are measured medians over the
one-shot NWM memos—a deployed attainment, not a ceiling; the fourth, R = 0.73, is the
simplex-volume residual control of Definition 11 and sits below the GWM’s R = 0.95, so the
two arms differ on all four axes (the GWM’s R is granted only as the NWM’s theoretical ceiling).

Aggregating by Eq. (6) gives, for each arm, the log-XQ (nats) and the bounded attainment A =∏
i ci = exp(XQ) used as the target axis in the figures—which for the GWM is its ceiling and

for the NWM is its deployed attainment. The deployed-budget quality gap is the ratio of the two
attainments, which equals ∼2.4.

Class S CC HtV R XQ (nats) A =
∏

i ci

GWM 1 1 0.92 0.95 −0.13 0.87
NWM (deployed) 0.83 0.88 0.67 0.73 −1.02 0.36

Table 4: Per-component values and the aggregate XQ of Eq. (6): the log-XQ
∑

i log ci (nats) and the bounded
attainability A =

∏
i ci = exp(XQ)—the joint-correctness probability—used as the figure axis (all held

in / derived from the shared parameter set; NWM structural components measured over 20 cases by the
explanation-quality evaluation). The NWM row reports its attainment at the deployed one-shot budget; its
theoretical ceiling is generously taken equal to the GWM’s (A = 0.87). Multiplicative aggregation forbids
cross-axis compensation: at the deployed budget the GWM’s joint correctness (0.87) exceeds the NWM’s
(0.36) by 2.4×.

Two ceilings for narrative WMs, and GWM dominance
A narrative WM faces two distinct XQ levels: a structural ceiling that no budget can clear (which we
generously equate to the GWM’s, Proposition 5), and an earlier-binding level it actually attains under
finite compute, set by the cost model of Appendix F. The structural-ceiling existence (Proposition 5)
is unconditional; the measured deployed-budget dominance (Corollary 1) is empirical; and the
budget-binding level (Proposition 6) depends on the assumed cost model.

Proposition 5 (Structural (theoretical) XQ ceiling). A narrative WM, lacking an explicit causal
mechanism, has structural components bounded away from 1: there exist S̄,CC,HtV < 1 with S ≤ S̄,
CC ≤ CC, HtV ≤ HtV at every budget. Granting the NWM the GWM’s large-sample residual control
R̄ = RGWM as its ceiling (generously: MC-averaging many emissions can drive R to that value, though
the deployed one-shot R is lower),

XQNWM ≤ XQ = log S̄ + logCC + logHtV + log R̄ < 0, (17)

equivalently ĀNWM < 1 for the bounded attainment of Eq. (7). The bound is structural: set entirely by
the mechanism-free triple (S,CC,HtV) and holding at every budget.

Proof. Each structural component certifies a property a mechanism-free model cannot guarantee.
(CC) Without a do-operator the interventional distribution is not computed from a causal graph, so
there exist interventions a for which the do-calculus identities fail and the pass fraction is CC < 1.
This is not merely an artifact of the present construction: by Richens and Everitt [2024], robustly
passing a large interventional battery requires an approximate causal model, so a model that achieved
CC → 1would have implicitly learned one—and would thereby be a GWM, contradicting the premise
that the narrative WM carries no explicit mechanism. (S) Without named structural parameters
carrying admissible elasticity bands, at least one input acts as a free knob, soS = 1−dfree/m ≤ S̄ < 1.
(HtV) A free-form rationale admits a local edit fitting an alternative outcome without breaking any
checkable invariant, so δ(y′) < 1 on a positive-measure set and HtV ≤ HtV < 1. Each bound is
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independent of compute. Substituting the suprema into (6) gives XQ < 0 (a sum of logs of quantities
< 1). Residual control is reducible to the GWM’s large-sample value by MC-averaging—whether the
predictive is drawn as samples or emitted wholesale—so it does not affect the structural bound.

Remark (what we measure, and a generous convention). The numbers in Table 4 are not the suprema
S̄,CC,HtV of this proposition; they are the medians attained by the deployed one-shot NWM, i.e.
a point at its deployed budget, generally below the suprema. Pinning the suprema numerically is
unnecessary for our conclusions: this proposition guarantees ĀNWM < AGWM, but for all cost and
dominance quantification we generously set the NWM’s ceiling xc equal to the GWM’s, xc = AGWM.
Since the true ceiling is strictly lower, every divergence and dominance statement holds a fortiori;
the empirical gap we report (Corollary 1) is then the conservative deployed-budget gap, not an
inflated ceiling gap.

Proposition 6 (Scaling (budget-binding) XQ ceiling). Let x ≡ A denote the bounded attainment
(Eq. (7)), the [0, 1] image of XQ used as the cost-target axis, and assume the cost model of Eq. (8)
(Appendix F), whose output term near the ceiling reads C(x) = c0 (xc/(xc − x))η with η > 0 and
xc = Ā the structural attainment ceiling of Proposition 5. Then under any finite budget B the attained
value is

x(B) = xc

(
1− (c0/B)1/η

)
< xc, (18)

strictly below xc and rising to it only as B → ∞. The practical ceiling x(B) therefore binds earlier (at
lower XQ) than the structural ceiling.

Proof. Inverting C(x) = B gives (xc/(xc − x))η = B/c0, so xc − x = xc (c0/B)1/η and x(B) =
xc(1− (c0/B)1/η). Since c0, B, η > 0 the correction is positive, so x(B) < xc, → 0 as B → ∞. The
divergence of C as x ↑ xc is established by the cost-model blow-up result (Proposition 4, stated in
Appendix F and proved below), which derives the output term of Eq. (8) and identifies η.

Corollary 1 (GWM dominance at the deployed budget). Because XQ aggregates multiplicatively
(Eq. (6)), there is no cross-axis compensation. At the NWM’s deployed (one-shot) budget the measured
attainments satisfy SG > SN, CCG > CCN, HtVG > HtVN, and RG > RN (all four measured), so

XQGWM − XQNWM =
∑
i

log
ci,G
ci,N

> 0. (19)

The GWM attains its value at flat cost, whereas raising the NWM’s achieved XQ toward the (generously
shared) ceiling costs divergently (Propositions 6, 4); the deployed-budget gap therefore closes only as
NWM cost → ∞, so the GWM dominates at every finite budget.

Proof. Every factor ci,G/ci,N ≥ 1 and the three structural ones are > 1 at the deployed budget, so
the sum in (19) is positive; equivalently the joint-correctness ratio

∏
i ci,G/

∏
i ci,N > 1. With the

values of Table 4 the GWM’s joint correctness
∏

i ci,G = 0.87 exceeds the NWM’s 0.36 by 2.4×.
Closing this gap requires raising the NWM’s achieved XQ, whose per-PD cost diverges as x ↑ xc

(Proposition 6), while the GWM holds its value at the flat cost cPD; hence at any finite budget the
cost-equalized comparison strictly favors the GWM.

Remark. Multiplicative aggregation is what makes the dominance robust: under the earlier arithmetic
mean a single strong axis could mask a weak one, but a product is capped by its weakest factor. Since
the GWM strictly dominates on all four axes at the deployed budget—including residual control—no
mechanism-free narrative can match it without divergent spend.
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Cost-model blow-up
Proof of Proposition 4. Integrating the saturating-coverage law of Lemma 1, dx/(xc − x) = λ dν,
yields − ln(xc − x) = λν + const, hence

ν(x) =
1

λ
ln

xc

xc − x
,

which diverges asx ↑ xc. By Lemma 2 the refinement cost isC(x) ∝ k ∼ q̄−ν(x) = exp
(
ν(x) ln(1/q̄)

)
=(

xc/(xc − x)
)η with η = ln(1/q̄)/λ > 0, which is Eq. (11). Since Lemma 2 bounds the pass count

from below by q̄−ν , this is a lower bound on cost (equivalently, an upper bound on the attainment
a fixed budget buys), so the leading-order blow-up is as stated. Finally the pole is impassable: by
Proposition 5 the structural components are bounded away from 1 at every budget, and reaching
CC → 1 would by Richens and Everitt [2024] require an approximate causal model, contradicting
the mechanism-free premise; hence x < xc at any finite budget and C → ∞ as x ↑ xc.

H On the Internal Representations of Language Models

Both the improper-updating result (Proposition 3) and the geometric certification cost (Lemma 2)
turn on a claim about representation: that a language model generically does not carry the exact
mechanism of p⋆ internally, nor route each conditioning step to it. Because that claim is easy to
mistake for one about behavior, we make its status explicit and connect it to independent evidence.

We separate two kinds of claim. The first follows deductively from the generic-circuit model
introduced in the proof of Proposition 3 and is stated as corollaries below; it concerns the prior
measure of the exception and its generic behavior as the model grows. The second is inductive: it
draws on evidence about actual trained networks to fix our posterior belief about whether scale (or
continual training) meets the exception in practice, and is therefore recorded as corroboration rather
than as a definitive statement.

Deductive consequences. Both statements hold a priori, taking only the generic-circuit model
of the proof as given.

Corollary 2 (Scale does not confer propriety). Model the realized circuit as a draw from the function
class of an |L|-parameter network of structural complexity K , as in the proof of Proposition 3. Then the
exception clause—that L both encodes the exact mechanism of p⋆ and routes every conditioning step
to it—has prior measure that is non-increasing, and generically strictly decreasing, in |L| and K : the
count of |L|-parameter circuits grows super-exponentially while the subset wired to condition exactly
does not, so the correctly-wired fraction tends to zero. A priori, therefore, the exception is generically
not met, and enlarging the model makes it less, not more, likely; improper updating is not an artifact
of insufficient scale.

Corollary 3 (Continual learning does not recover propriety). Moving the update from the input
(in-context tokens or retrieval) into the weights—a gradient step of continual or online learning—does
not restore the guarantee of Proposition 2. A gradient step on a next-token, or any surrogate, objective is
not the Bayesian update Be: it perturbs L’s parameters to lower a training loss, not to condition the
implied predictive on e, so the non-preservation (i) and non-convergence (ii) of Proposition 3 carry over
verbatim to the weight-update dynamics. The distinction is one of where knowledge lives—in the
input or in the weights—and in neither place does absorbing evidence amount to Bayesian conditioning.
Knowledge in the input is re-paid on every query and, though auditable, does not constrain the output
to be a posterior; knowledge in the weights is amortized across queries but opaque, and its update
is a gradient step rather than Bayes’ rule. Worse, the weight route adds a domain-dependent free
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parameter—the objective, learning rate, and schedule must themselves be tuned per domain merely to
approximate the target—so it trades an unconstrained-but-auditable input-update for an unconstrained
and less auditable weight-update. A proper posterior requires a third locus: knowledge in an explicit,
verified structure that conditions—amortized like weights yet auditable and Bayes-updatable like the
best input—which is exactly what coupling L to a GWM it calls provides (Mode 2/3, Section 4.1).

Inductive corroboration. The corollaries bound the prior measure of the exception, not the
posterior probability that a particular trained model meets it. The natural objection closes exactly
that gap: perhaps a sufficiently capable model, having seen enough data, simply does land in the
exception set, so that matching the true predictive on the evidence seen so far is evidence the
mechanism has been internalized. This is the Platonic Representation Hypothesis [Huh et al., 2024] in
its strong form—that scale and data coverage drive models toward a single, shared, ground-truth
representation of the domain. If it held, the exception would be the generic case in practice despite
its small prior measure, and our results would be vacuous.

The strong hypothesis is contradicted by direct study of trained networks. A model can reproduce
a target function’s outputs exactly while computing them internally as a fractured, non-modular
collection of local heuristics rather than the single unified mechanism that generated the data—the
phenomenon of Fractured Entangled Representation (FER) [Kumar et al., 2025]. The same phenomenon
has been reported mechanistically inside large models: arithmetic solved by range-limited heuristics
rather than a unified algorithm, and a learned board-game world model realized as a bag of local
rules rather than the game’s actual laws. Crucially, behavioral evidence of fracturing can vanish
with scale while the internal fracturing persists, so output agreement is not a reliable signal that the
mechanism has been captured.

This evidence moves our posterior toward the deductive prior, not against it. In Proposition 3, q̃E
coinciding with p⋆(· | E) on the evidence seen so far is exactly such a behavioral match; FER gives
independent reason to expect it is not backed by an internalized mechanism, so there is no ground
to expect q̃E∪e to track p⋆(· | E ∪ e) under the next conditioning step. In Lemma 2, the absence of
a unified internal mechanism is what forces certification to proceed heuristic-by-heuristic: each
invariant must be patched by local edits to the state rather than falling out of one mechanism
that already satisfies them jointly, which is what makes joint certification geometrically expensive.
Inductively, then, trained networks exhibit precisely the failure that Corollary 2 shows to be generic
a priori—the empirical counterpart of FER’s rebuttal of naive representational optimism.

I Notation and Parameter Provenance

This appendix lists every quantity the paper relies on—its symbol, value, and how we obtained it.
Each is measured from the deployed system, derived in closed form from other quantities, fixed by
construction, or assumed (with the basis stated). The measured quantities feed the prose and the
figures from one shared source, so the two cannot disagree.

Measurement methods. Seven measurement procedures produce the data. The build-cost mea-
surement aggregates per-case input/output tokens, USD, and wall-clock from MODEL-stage produc-
tion logs across 1,184 deployed case versions. The parameter-count audit counts numeric literals in
the GWM configuration, counting shared global/sector parameters once and per-case parameters
times the universe size. The narrative-arm ablation re-runs the production case drafter as a one-shot
NWM over 20 cases under prompt caching, recording cache-adjusted cost, tokens, API calls, and
latency. The explanation-quality evaluation scores each NWM memo with a tool-backed judge that
recomputes every internal-consistency invariant with a deterministic calculator (yielding S and
CC) and judges hardness-to-vary against Definition 10. The inference-cost benchmark times one
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belief-propagation pass at 10,000 samples over recent deployed cases and prices the median warm
wall-clock at a standardized on-demand vCPU-hour rate. The predictive-distribution token count
measures, over the same scored memos, the tokens of the predictive distribution’s numeric figures
(the scenario and direction tables), giving the LLM’s best-case per-PD output. The incremental-PD
(re-query) measurement reissues the counterfactual do(a) queries of Definition 9 as warm, cache-
hit-only calls (cache re-read, no cache write) against the deployed NWM arm over 18 such calls,
recording the median cache-read tokens (Tcache), median latency, and a median cost ($0.1625); the
pre-blow-up output-token term Tout is then calibrated so that Eq. (8), evaluated at the deployed
attainment ANWM = 0.36, reproduces this measured median cost exactly.
Measured.
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Symbol Quantity Value Source / method

cbuild GWM build cost per case $2.35 Build-cost measurement over 1,184
deployed case versions; same source
fixes build tokens (2,090,000 in /
18,100 out) and wall-clock (6.8 min).

cNWM NWM cost per case
(sourced memo)

$1.63 Narrative-arm ablation over 20 cases
(range $1.21–$1.82); same source
fixes memo latency (230 s).

cPD GWM cost & latency per
predictive distribution

$1.0× 10−6,
0.086 s

Inference benchmark: median warm
belief-propagation wall-clock
(10,000 samples) directly gives the
latency; × a standardized
vCPU-hour rate gives the cost.

Tcache, Tout NWM incremental-PD
cached-context and
pre-blow-up output
tokens

69,069, 1,355 Incremental-PD (re-query)
measurement over 18 warm do(a)
re-queries: Tcache is the median
cache-read token count; Tout is
calibrated so Eq. (8) reproduces the
measured median warm cost
($0.1625) at ANWM = 0.36. Same
calls fix the incremental-PD latency
(30.9 s).

S,CC,HtV NWM explanation-quality
components

Table 4 Explanation-quality evaluation over
20 cases (S/CC tool-checked, HtV
judged); best-case PD output tokens
via the predictive-distribution token
count.

AGWM, ANWM XQ attainment ceilings Table 4 bounded joint-correctness
probability A =

∏
i ci = exp(XQ)

(Eq. (7)).

1− β subdomain-novelty decay 0.6 Heaps’ law (App. C).

c↑NWM NWM upfront (first
memo + cached context)

$2.07 cNWM (first memo) +Tcache×
cache-write price.

— best-case per-PD cost
ratio

35,606× NWM cached re-read + figures-only
output (no blow-up) ÷ cPD.

— incremental-PD latency
ratio

357× measured warm NWM re-query
latency ÷ measured GWM per-PD
latency (no best-case extrapolation:
latency has a fixed network/decode
floor that cost does not, so it is
anchored at the directly measured
point rather than the cost model’s
best-case token count).

— build break-even 4 PDs at XQ target A=0.1.

3cNWM NWM cost per case (full
evidence chain)

$4.9 full evidence chain.

Structural (fixed by construction).
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Symbol Quantity Value Basis

S,CC,HtV, R GWM components Table 4 Exact given evidence: stiffness and
counterfactual consistency = 1 by
construction; HtV = 0.92 is itself
the product of rigorous iterative
construction (adversarial validation
+ belief propagation + empirical
calibration), so < 1 (bounded
misspecification) yet conservatively
well above the NWM’s one-shot
median (0.67); R from
exact/large-sample belief
propagation.

R NWM residual control Table 4 Measured per memo:
R = 1− f1/(K−1) from the simplex
volume compatible with the
narrative’s probability bands
(Appendix C); the GWM’s
large-sample R is the generous
ceiling.

Assumed (with basis).
Symbol Quantity Value Basis

pin, pout, pcache token prices ($/Mtok) 5, 25, 0.5 Published Opus 4.8 list prices.

PLLM SOTA-LLM parameters 1.0× 1012 Order of magnitude.

Tctx, n NWM cold-context
tokens; MC-averaged
emissions/PD

1,000,000,
1,000

Amortization-model assumptions
(Tcache and Tout, the tokens entering
Eq. (8) directly, are measured; see
the Measured table above).

η NWM cost–quality
blow-up exponent

2.5 Identified, not free: η= ln(1/q̄)/λ
(Eq. (11), Proposition 4); numerical
value calibrated (Appendix F).

Tsub, β subdomain-synthesis
tokens; Heaps exponent

10,000, 0.4 Engineering / structural.
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